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LEBANESE UNIVERSITY Date: 25 June 2001
Faculty of Sciences (I)

Final Exam BCi11 Duration: 3 hours

Exercise 1 [10 pts]
Consider the double integral

I:/Ozdy/j@f(w,y)d:c.

1° Represent graphically the domain of integration D.

2° Express I in another form by reversing the order of integration.

Y
3°C11tJ://—dd.
alculate A 22 1 2 xdy

Exercise 2 [12 pts]
Let

Dlz{(w,y)ell@; x2+y2247 0<y <z and w§2},

and, Dy = {(z,y) eR*; 2 +y*> >4, 0<x <y and y <2}.
1° Represent graphically the domains D1 and D».

2° Using polar coordinates, calculate the area of D1.

3° Calculate I = //|x —y|dxdy where
A

A={(zy) eR?;2?+y* >4, 0<z<2and 0 <y <2}

Exercise 3 [10 pts]

1° Decompose the following rational functions into simple elements in R :

1 q 1
- 5 v al — .
t2(t2 + 1) t(t2 +1)

arctan e*
e?(1 + e27)

2° Calculate /

ANSWER PAGE 9



Exercise 4

Given

f(x) _ n 1‘2 I T N

—In3 if z=0.

1° Show that f is continuous at 0.

2° Is f differentiable at 0? If yes, calculate f’(0).

Exercise 5

Calculate lim [(x?’ — 22+ E) ex — V14 xﬁ].

T—+00 2

Exercise 6

Solve the following differential equations :
dy
1° = — =.
. VY=Y
90 y/1_4y — e2x+ 1.

Exercise 7

-
Let f(z) = arcsinﬁ@ be defined on {_g g

1° Calculate f'(x).

2° Deduce a simple expression for f(x).

Y

|

[10 pts]

[8 pts]

[13 pts]

[7 pts]




Final exam

Year 2000-2001

Calculus

BC11

Solution

Exercise 1

1° D is defined by

0<y<2

V2y<x <2

2° D is defined by

0<z<2;

2

0<y < —.
SY> 9

2
2 L
Hence,I:/ dw/Qf(x
0 0

2

2/ /“

30

dx .
201—1—1‘2 .

1 2

2

dx
0 (1+22/2)

—

xTr =

1
2

1+ 22 —I—y)
1+ 22 +y2)?
1 /2 do

_|__ 201—|—x2

1
5 + 5 arctan 2.

2

Furthermore, setting = v/2tan 6, it yields

/( dx

1+ 22/2)*

From which J = —

dé
\/5/ 1+ tan?6
\/5/ cos?fdf = ?/[1 + cos(26)] d6

V2 sin(26) V2 tan 6
= {‘”T} —7("+m>
= — |arctan | — |+ —= | ——= + cnst.
v2) V2 \1+ 2

>

1 1
e arctan \/5 5 + B arctan 2.




Exercise 2

10

20

30

Yy Yy
(2,2)
2
Dy
Dy

i //Q) r—> r = 2

_ < cos

4
o 2 T

0
o 2 x

Area (D;) = / /COSQ
% T2 coa@ % 1
/0 [2] d /0 <00529 > d

2
From which, Area(D;)=2[tanf — 9]§ =2 g

Question : re-find Area (D7) geometrically.

I= // ]w—y[dxdy+// |z — y|dxdy
= 2// (x —y)dzdy (by symmetry).
D1

From which,

s _2
I= 2/4 d@/coser(COSG — sin §)rdr
0 2

us

x 2
= 2/4 (cos @ —sin0) [17‘3] 7 a6
0 3

2

16

i 1
S — — si —1)dé
3 J, (cos§ — sin ) <cos39 > d

™

16 (7 df 16 [Tsinfdl 16 [7
= — — = — - = 0 —sinf)do
3Jo cos20 3 Jo cos30 3 Jo (cos sin.0)

16

= 8—3\/_.

10




Exercise 3

1° Decomposing into simple rational elements as follows

1 A B 1 A Bt

PO+ 2142 i+ it e
The constants are found tobe: A=1, B=-1, A" =1, B’ = —1,

and C' = 0.
2° Set t = e*;
arctan e” arctant
() /em(1+62w) v t2(1 + ¢2)
Using the above decomposition and integrating by parts, we have
dt
u = arctant, so du=-——;
1+t
dt 1
dv=————, so v=—- —arctant,
t2(1 + t2) t
it yields,
/ _arctant dt = _arctant arctan®t + / (1 + arctan t) _dr
2(1+12) t t 142
1 2 o arctan e”
Thus I(z)= -3 [(arctane )+ In(l+e )} ————+x +cnst.
e

Exercise 4

1° In the neighborhood of = = 0, we have

\/@—1 1

= — £ y
2 + ze(x)

3
with lim e(z) = 0.

z—0
1
lim f(x) =1In= = f(0), hence f is continuous at 0.
z—0 3

2° On the other hand,

fe) 1) W (3+3=@) 103 (14 as(e)

x x x
Thus,

i £@) =10

z—0 X z—0 €T z—0

Hence f is differentiable at 0, and f'(0) = 0.

11



Exercise 5
1

Set f(z) = (w3 — 2%+ g) e: — 1+ 20, and t = —. The finite expansion
x

1
of f (;) to order 0 near t =04, is

t2
L <l—t—|—§>et— 1+ 6
f(¥) - 3
12 2 3
(1—t+5> <1+t—0—§+§> -1

+e(t) = é + e(t)

3
with lim e(¢) = 0. Therefore, lim f(z)= lim f (1> = 1
t—0 z—+00 t—=04 t 6
Exercise 6
1° The given differential equation is rewritten as : # = dx.

Vi (1 + V)
From which 2In (14 /%) =z + ¢, so y(z) = (k‘e% _ 1) .

2° The characteristic equation 2 — 4 = 0 admits two roots —2 and 2.
Thus the general solution of the associated homogeneous equation
is :

y1(x) = cre” 2 4 e,

o A particular solution of 4" — 4y = ?*, which is of the form

1
Y1 (x) = aze®® can be easily obtained as Y;(x) = Z:L"e%.
o A particular solution of y” — 4y = 1, which is of the form
1

Ya(x) = k can be easily obtained as Y3(z) = 1

1 1
Thus finally, y = cie 2% + c9e?® — 1 + Zazezx.

Exercise 7
/
\/ e 1 cosx 1 T
1° We have o = ( 2 ) = - = —, since x€ [—— —}
[[_Ttsimz 2 |cosz| 2
2

+C.

2° By integration, we get y =

(VIS

2
For z =0, C' = y(0) = arcsin g = % Therefore, y = x + %

12



LEBANESE UNIVERSITY Date: 01 July 2002
Faculty of Sciences (I)

Final Exam BC11 Duration: 3 hours

Exercise 1
Calculate the following integrals :

o r+m)? B V3arcsin® £ ' B 1
Il—/ Gy de; Ig—/l g dz ; I3_/sin2xcos2a:dx'

Exercise 2

dt
1° Calculate Iy = [ —.
sint
t t
2° Calculate I :/ ,COZS
sin“t

Exercise 3

. x T
Evaluate lim < . + — >
z—0 \sinz —x sinhz — =z

Exercise 4

1
1° Give the finite expansion of order 3 of arctan 1 Y in the neighbo-

rhood of z = 0.

2° Determine the asymptote (A) at +oo to the representative curve
(C) of the function f defined by f(x) = xarctan Tt
T —

relative positions of (C') and (A) at +oo.

1
T Precise the

Exercise 5

Consider the double integral I = / / f(z,y)dzdy, where f is a continuous
D

function over a domain D defined by :
D={(z,y) eR*;0<z <1, (z—1)°+y*>1, andy < (z—1)*+1}

1° Sketch the domain of integration D.

2° Using cartesian coordinates, write down I, as a succession of two
simple iterative integrals, in two different forms.

3° Calculate the integral I in case f(x,y) = 2y.

13
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Exercise 6

Given the double integral

1 Vi-y? Ty
0 T\y—y2 Tty
1° Sketch the domain of integration D.

2° Calculate I by using polar coordinates.

Exercise 7

Solve the following first order differential equation :
zy =2y +y(lny — Inz)?.

Exercise 8

Let (E) be the following second order differential equation with constant
coeflicients :

y' +2y +y=2cos’z (E)

1° Write down the associated to (E) homogeneous equation (H), and
give its general solution.

2° (a) Find a particular solution of the differential equation
v+ ty=1 (E1)

(b) Find a particular solution of the differential equation
v +2y +y = cos(2x) (E2)

(c¢) Deduce a particular solution of the differential equation (E).

(d) Give the general solution of (E).

14



Final exam Calculus

Year 2001-2002 SOlutlon BC11

Exercise 1
Evaluation of I;. By Euclidian division of (z+1)% = 22+ 22 +1 by 2% +2,
we easily obtain

2z 1
I = 1 _ d
! /( tora? 2—|—x2> o

2 2
= z+In(2+2?%) — g arctan(%w) + ¢, with c € R.

/
Evaluation of I,. Remark that (arcsin g) = ! Thus set t = arcsin g

Vi — 22’
It follows that

3 £33
L= Pdt=|%| =—=
? /_ l?,] 643"

6

w
N
w

Sk

Evaluation of Is.

First method :

2 .2

cos“ x + sin“ x dx dx .

Igz/ﬁdl':/ 3 —I—/ —— = tanz—cot x+c, withc € R.
sin“ x cos® x Ccos® x sin® x

Second method :

tan? x 2
and sin? x = = . It follows
cos? z 1+tan?ax 1+¢2

Let tanz = t, hence dt =
that

1 da 1+12 1 1
Ig:/SiHQ-r'COSQI:/ t2 dt:/(t—2+1>dt:—E+t+c:tanl‘7cotx+c

Third method :

. . dx
Integrating by parts with « = —5— and dv = 5
cos 1 in’x cos? x
Hence, du = —2——5—dx and v = tan . Therefore,
sin® x
tan x cos zdx 1 dx 1
I3 = _r;l+2/tanx — = — +2/_2 = — —2cotx + c.
Sin-= xr St xr SIN X COST SN~ xr SINX COST

1
Fourth method : By virtue of cos? rsin?z = 1 sin?(2x), thus

4
3 /sin2(2m) dz cot(2z) + ¢

15



Exercise 2
o dit sintdt sintdt 1. 1+ cost
1 Il :/ N :/ D) = = ——In—
sint sin?t 1 —cos?t 21— cost

2° Performing an integration by parts, we set

+ ¢, with ¢ € R.

uw=t, hence du= dt
cost 1
dv = — dt, hence v=-——.
sin®t sint
Therefore,

Lt +/ dt
27 Tsint sint’

t 1.1 t
from which, due to 1° : Iy = — | +cos

— — Zln———— + ¢, where c € R.
sint 2 1—Cost+’

Exercise 3

. x x . z(sinhx — z) + z(sinz — x)
lim . - = lim - -
sinz —z  sinhx —x z—0 (sinz — x)(sinh z — x)

a3 i x® 4 a3 i P
T\ o + = T\ ——= + =
3! 5! 3! 5! 3

- }LIH%) 23 23 ~ 5
3 )\ 3
Exercise 4
142\ 1
1° We h f 1 t =
e have, for x # ,<arcan1_$) T2

Hence in neighborhood of x = 0, and to order 3, we have

x—0

=1 — 22 + 2%¢(x).

arctan T — arctan Y +x— 33_3 + 23e(x).
1—x 1-0 3
Therefore, arctan Lre_ Tiam $—3+w3&7(w) with lim e(x) = 0.
’ 1—=x 4 3 ’ z—0

1 1 144
2° Set t = —. It yields tf (Z) = arctan 1—+t Thus, due to 1° :
T

tf(l)—z—kt—i—kt?’ () ith lime(t) =0
) 3 e(t), wi tg%s = 0.

Hence,

1

flx)=1+ 20— —— + Sel@).

47 322
Thus the equation of the asymptote (A)isy =1+ %:L’ On the other

1
hand, f(z) —y = g2 < 0, so (A) is situated above (C).

16



Exercise 5

10

20

30

Exercise 6

10

20

D is represented in the adjacent fi-
gure.

We have
(z— 1)2+1
I= / dx/ fz,y)dy,

V2r—a?

I= /Oldy/;mm,ym

+ /2 dy /Ali\/yjf(x, y)da.

—t———
I = / dw/ 2ydy o
V2z—a?

:/(x — 42 4+ 922 — 10z + 4)
0

dx:g
5

The domain D is bounded by the
curves of equations :
y=0,y=1 2 = y—y? (ie.
semi circle 2%+ (y — 3)? = 1, 2 > 0)
and z = /1 — y? (i.e. quarter circle
?+y?=1,2>0,y>0).

Thus D is sketched as shown.
Using polar coordinates, the domain
D is defined as

From which,

~
Il

r2

Yy
1 r =sin@
r=1
1
— ¢
2
0
D
(0 1 =

. s 1
// reosf xrsing .4 / “sinfcosfdd [ rdr
A 0

sin 6

1 /3 132 : 1 /0. 1
—/2 sin @ cos §(1 — sin® 0) df = —/2 sin 6 cos® 6 d6 = f—/ t3dt = =,
2Jo 2Jo 2N 8

where the change of variable t = cos  had been performed.

17



Exercise 7
This is a homogeneous differential equation, since

2
vl ()’
T T T

Let z = % It follows that :

4z dz d(In z) dz

/ 2
2 +2=2z4+zn“z == —F = — 7 = .
1+1n2z T 1+1n2z T

Integrating, we obtain : arctan <1n Q) = Inx + ¢, where c € R.
T

Exercise 8

1° The homogeneous equation (H ), associated to (F), is
y//+2y/+y:0‘

Its characteristic equation r?+2r+1 = 0 admits double roots r = —1.

Hence, the general solution of (H) is : y,, = c1e™" + coze™™.

2° (a) Seeking a particular solution of (E7) in the form y,, = a. Upon
substitution, we obtain a = 1.
(b) Seeking a particular solution of (E2) in the form

Ypo = @ cos(2x)+bsin(2z). Upon substitution, we obtain a = — %
4

and b = %
(¢) A particular solution of (E) would be

3 4
Ypr T Yp, =1 — % cos(2zx) + % sin(2z).

Note that 2cos?z = 1 + cos(2z).
(d) The general solution of (F) is :

3 4
y(x)=cre " +cowe™™ +1— % cos(2x) + % sin(2x).

18



LEBANESE UNIVERSITY Date: 17 June 2003
Faculty of Sciences (I)

Final Exam BC11 Duration: 3 hours

Exercise 1 [5 pts]

1° Solve the differential equation

y—x
y’=y+x (E)

2° Determine the solution y of (FE), verifying y(1) = 0.

Exercise 2 [10 pts]
Consider the following second order differential equation (£) with constant
coefficients

2

y" +1y — 2y = 10sin x + 6e” (E)
1° Determine the general solution of (E).

2° Determine the solution y of (E), verifying y(0) =2 and 3'(0) = 1.

Exercise 3 [8 pts]
Calculate the following integrals :

2 — 1 8 I 2
Ilz/xidx7 12:/ T+ d,ZU, 13:/2C084Q:d$-
z(x —1) 3 0

Exercise 4 [8 pts]
Calculate the following integrals :

71 1
1° Ilz/\/g—zarctan—dx.
1 T

2° I :/cosmln(tana:)dx.

19
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Exercise 5 [10 pts]

1° Give the finite expansion of order 4, in neighborhood of z = 0, of :

22
1+

In(cos 2z); ; (sin 2z)2;

2

further, of : f(z) = 31In(cos 2zx) + T4 (sin 22)2.
1+
2 3
2° Deduce the limit of f(gu)w# as x tends to 0.
Exercise 6 [8 pts]

Consider the function f, defined on R, by :

f(z) = gw — rarctan .

Determine the equation of the asymptote to the curve of f at +oo, and then
precise their relative positions in neighborhood of +oc0.

Exercise 7 [14 pts]

Given the double integral I = / / f(x,y)dxdy, where f is a continuous
D

function over the domain D, defined as :
D ={(x,y) eR?; 0<y, 224+y>—2<0, andazz—i—yz—yzo},

1° Sketch the domain of integration D.

2° Use cartesian coordinates to write down I in two distinct forms, by
altering the order of integration.

3° Using polar coordinates, calculate the integral I in the case when
flzy) = a® + o2

Exercise 8 [12 pts]
Given the following double integral

1 1 o
1 :/ dw/ cos (—) dy.
0 NG Yy

1° Sketch the domain of integration D.
2° Evaluate I.

20



Final exam Calculus

Year 2002-2003 SOlutlon BC11

Exercise 1

Yy
= -1
1° Tt is the case of a homogeneous differential equation since y’ = g .
Z 41
. +
Set z = Y 1t follows that
x
, z—1 1+ 2 dx
Tz + 2= & ——dz=——.
z+1 14 22 x

2
Hence, arctan Y ity j1+ <g> =—In|z|+¢, VceR.
x x

2° y(1) =0 yields ¢ = 0.

Exercise 2

1° The homogeneous equation (H) associated to (F) is :
y//+y/_2y:0‘

The associated characteristic equation 7247 —2 = 0 admits the roots
r1 = 1 and ro = —2. Therefore, the general solution of (H) is :

Yy = c167%% 4+ coe®.

We look for a particular solution of (F1) : y” + 4 — 2y = 10sinz in
the form y,, = acosx + bsinz. By substitution, we obtain a = —1
and b = —3.

And looking for a particular solution of (Es) : v + 4" — 2y = 6e” in
the form y,, = aze”. By substitution, we obtain a = 2.

Thus the general solution of (E) is :

2% _ cosx — 3sinz + 2z€”.

y(x) = c1e” + coe™

2° Whence y(0) = 2 and y'(0) = 1, we get
c1+cy =3,
{ c1 — 2co = 2.

1
From which follows that ¢; = g and ¢y = 3"

1
Thus finally, y(x) = <2x + §> e’ + 56_296 —cosT — 3sinzx.

21



Exercise 3

Evaluation of I;. Let t = z(x — 1), it implies
dt
L = /7 = In [t| 4+ cnst = In |z(z — 1)| + cnst.
Evaluation of I5. Set v/x + 1 =t, it implies

3 ¢2 3 1 1+t
I, =2 dt =2 1—— _)dt= |2t —In|——
2 AtLJ A( L%J [ M1

Evaluation of Is.

3
3
=24+ In-—.
L Ty

3 /1 2x)\ 2 1%
I = /2 (M) do = —/2 (1 + 2 cos(2x) —i—COSz(Q.T)) dz
0 2 4 0

1 /3 1 4
= 1/2 (1+2cos(2x)+ H%W) dz
0

2 3

1 1
= [gw + 1 sin(2z) + 3 sin(4:c)]0 ="

Exercise 4

1
1° Set t = —. Hence,
T

V3
L = —/ arctan tdt.
1

Performing an integration by parts (with u = arctant and dv = dt).
It follows that

V3 tdt
V3

L = —1|t tant

1 [t arctan t]} +/1 e

\/§7T1 on1V3
_-—?w+z+§mu+tm

V3 T 1
— V2T Tho
3Tty tgm

2° Integrating by parts (with v = In(tan z) and dv = coszdx), we get

dx
Ccos T

I, = sinxln(tanw)—/

1 1 i
= sinzln(tanz) — 3 In ﬁﬂ +c, Ve e R.
—sinx

22



Exercise 5

1° Obviously, in the neighborhood of x = 0 we have
2z)%  (2x)* 2
cos(2x) =1— % + % +ate(z) =1-22%+ §x4 +ate(z)
2 2 4 4
and, In(cos2z) = In |1+ ( —2z°+ 3% + z%e(x)

2 1 2 4\?
= (—21‘2 + 53:4) 3 <—2:n2 + 5:134) + zte(7)
2 4 4 4
= —2z° — 32 + z%e(z).
On the other hand,

212
1+zx

= 272 (1 —x+ a:2) + 2te(z) = 222 — 223 + 221 + 2le(2)

2
2z)3 1
and, sin®(2r) = <233 - %) + 2te(z) = 4a” — 36:134 + xie(x).

22
That implies f(z) = —223 — 33:4 + xie(x), with lir% g(z) =0.
T—

o flx)+ 223 22 . f@)+22% 22
2 — a3 3 + e(x). Hence glclinoT =35

Exercise 6

1 1

Set t = — (z — +oo <t — 04). We give the fe. of ¢ f (;) to order 3 in
x

neighborhood of t = 0. We have

1 ™ 1
tf| -] == — arctan —.
t t

2
We have
1\’ 1
<arctan ¥> =T e= —1 42+ t2%(t).
1 ¢ 1 ¢3
Hence, arctan 7= g —t+ 3 +t3¢(t). Thus  tf (Z) =t— 3 + t3e(t). Tt
follows that
f@) =1 g+ (), lim s(x) =0
x) = 52 T (@), m e(z) =0.

The equation of the asymptote is y = 1, and it is situated above the curve.

23



Exercise 7

1° Graphical representation of D :

Yy

y —y?

xr =

1+\/1 1+V1-4y2
2° I = / dy/ flz,y)dx
Vy—y?

orl—/ dx/

cos O
3° I:/ a3
0

1 Vr—z2
flx y)der/1 dw/ f(z,y)dy.

4/ cos 6 — sin? 9) do

Y y =z —x2
1
2
s
N/
>
>
7 4
0 1 1 =
y=0 2 y=0
Yy
r = cos 6
1
2
Q -
&
2%
<
0 1 1 =
2

sin 6
N PO C1i 1 [sin2077 1
= 1/0 (cos 0 — sin 9) dO—Z/O cosQGdQ-Z{ 5 L) =3
Exercise 8
1° The domain of integration D is y Yy =+
bounded by the curves, of equations
xr=0,z=1y=+rand y = 1. 19
Thus the graphical representation of D :
D is shown as : |
'
2° Holding y fixed, D is defined by : o) 1 T
0<y<I
0<x< y2.
x=y?
Thus I = /dy/ cos( )dx—/ [ysm( )] dy
=0
= / ysinydy by parts [siny — ycosy]o =sinl —cos 1.

24



LEBANESE UNIVERSITY Date: 17-07-2004
Faculty of Sciences (I)

Final I-session BC11 Duration: 3 hours
Exercise 1 [15 pts]
1° Evaluate the following integrals :
4 Inx
L = —dz;
! 2 Vo —1

1
I, = / arctan V1 — x2dx;
0

1.3 2 1
[3:/wdw_
0

(.CU2 + 1)2
1 t
2° Calculat J:/idt.
(a) Calculate ) T+
(b) Deduce the value of K = /Z - SNy dz.
0 (sinz+ cosx)?cosx
Exercise 2 [15 pts]

1° Give the f.e. of order 3 of In(1 + tan x) in neighborhood of 0.

1
2° (a) Give the f.e. of order 3 of arctan | R neighborhood of 0.

1
(b) Deduce the f.e. of order 3 of cos <2 arctan . +

x> near 0.

2

1
In(1 + tanz) + x + % + cos (2arctan . —|—x)
—x

3° Determine lim
z—0 :p3

Exercise 3 [10 pts]
Determine the equation of the oblique asymptote (A) at +oo to the repre-
sentative curve (C') of the function f, defined by :

fz) = e 72 /22 + 2z,

and then, precise the relative position of (C') and (A) at +o0.

25
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Exercise 4 [13 pts]
Let D be a domain of the plane R?, defined by :

1
_ 2 .
D-{(m,y)ER :0<y 5 d \V2y—y?<z<144/1—y }

1° Sketch D.
2° Write down the expression of I = / f(z,y)dxdy in two different
D

forms, by using cartesian coordinates.

Exercise 5 [12 pts]

V=2z—z2
LetI—/ dan/ g—i_yd
-+ x +y

1° Sketch the domain of integration D.

2° Using polar coordinates, calculate I.

Exercise 6 [10 pts]

1° Solve the differential equation

wy'—y:xtany.
z

Find the particular solution that verifies y(1) =

v

2° Solve the differential equation

(1+2)*

1

x

Find the particular solution that verifies y(1) = 1.
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LU Sciences (I) Calculus

SOhJ.tiOIl BC11 (I session)

Year 2003-2004

Exercise 1
1° Evaluation of I; Integrating by parts, we set

u=1Inx dx
du = —

dx = z

dv = o —1 {2)22\/1'—1

The formula of the integration by parts, permits writing

4 4/ —1
L = {2\/x—1ln:v —2/ m dx
=2(2v3-1) 22| el

With the change of variable v/x — 1 = t, we obtain

4 ~1 V3 42
/ T dx:2/ t 2/ ( )dt
2 T 1 1—|—t2 1+

= 2(v/3 —1) — 2 [arctan t] =2(v3-1)— %

Hence, I} = 4/3In2 — 43 + % —2In2 + 4.
Evaluation of I, Integrating by parts, where

—xdx

= tan v/1 — 22 du =
{ T arean " thus (2 —22)V1 — a2

dv = dx
v =z

The formula of the integration by parts, permits writing

1 1 2d
I, = {warctan V1-— yjﬂo—l—/o @ _;)\/ml_—la

=0

Setting x = sin 6, we get

7 sin®6de 31— cos?6 7 2d6
I, = e - ds= deé.
2 /0 2 —sin?4 /0 1+ cos?26 /0 1+ cos2f /
That yields the result

I _/% 2d(tand) w 2
7 Jo 2+ tan?0 2 V2

[N

= 2 [arctan tan&]‘_
V2 g

|
D[ 3

=

b | 3
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1 1 ws
Evaluation of I3 W ite I =/ dz.
valuation of /3 We may write /3 0 <1+w2 +(x2+1)2> t

On the other hand, we have

/1 dz _[ . }1_77
T arctan| = .

Also

/1 23 dx _/1 22z dx
0 (1"—1’2)2 - 0 (1"—1’2)27

so by changing the variable t = 1 + 22, we obtain

L 23de 1 2(t—1)dt 1 172 1 1
/7:—/7:—111754—— =—(m2-2).
o (1+22)2 2/ t2 2 tly 2 2

1 1
Finally, I3 = ~1 + —ln2—|— z

4
1t+1—1 | 1
) J = = — dt. H
/ (1+1)2 0 {1+t (1+t)2} e
e 1
In(1 — | =ln2-=.
/= {n( +t)+1+t] heT g

) K = / tan x dz /1 t di = J.
(tanx + 1)% cos? z t=tanz Jo (1 + )2

Exercise 2

1° In the neighborhood of = = 0, we have

1.3
T — 5T 1
tanz = o’ = = >+ 2Pe(z) = v+ 2 + 23¢(x)
CoS T — 3 3
Thus,
1
In(l1+tanz) = In [1 + (:L' + gzng)} + 23¢(x)

22 1 3 2 1 23 °

1 2
Then, In(l+tanz)=2x— 5362 + gw?’ + 23e(x).
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2° (a) We have

( ¢ 1+x>’ 1
arctan = )
11—z 1+ 22

Hence, in the neighborhood of x = 0 it may be written

1 /
(arctan 1 i 1‘) =1-a2>+ x26($).
-

By integration, it yields that

arctan 1 i_i = % +z— %3 + 2%¢(x).
(b) We have
cos (2 arctan 1 _T_ i) = cos <g + 22 — 2%3> + 23e(x),
then
cos (2 arctan i ; i) = —sin (2x - §x3) + 23¢(x)

2 4
= —2r+ §w3 + §w3 + 23e(x).

1—
Hence, cos (2 arctan 1‘) = —2z + 22° + 23¢(2).

+x
3° Due to 1° and 2°, we have

2

1
In(1 + tanx) + x + L+ cos (2arctan +$>
I 2 1—-z) 8
im —
z—0 x3 3

Exercise 3

1
Put t = — (x — +o00 & t — 04 ). This gives
T

1 t 14+ 2¢

1
f (Z) =e H2 2 hence tf (Z) = e_ﬁ\/l + 2t.

In neighborhood of t = 0 and to order 2, we have
1 1
tf (?) = et <1 +t— §t2> + t2(t),
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and thus,
1 52 12 2 2 2
tf ()= (1=t 5 ) (1t gt ) +2%(t) = 142+ £2(1).
From which
1 1

So the equation of the asymptote (A) is y = z.
1

Since f(x) —y ~ — > 0 at 400, hence the curve (C) there is above its
x

asymptote (A).

Exercise 4

1° The graphical representation of D :

Yy

2

1
2
o 2 “\
1 2
st—————- \
- 2
V3 T
2° The integral I is rewritten as : 2 ’_'ﬁ
3 14+4/1—y2 1+7
I = /d x,y)dx;
N [z, y)
or
¥s 1-v1—22 143 1
1= [T fapdy + [, 7o [* s ay
0 0 ¥3



Exercise 5

1° The domain of integration D is bounded by the curves of equations :

r=-2,x=-1,y=v-2x—22and y=1z+2. /

Hence D is defined by : /)
r = —2cos@
T <
— T; _
g == (-1,1)

D :

2 _
— < r< -2 . " = Sino—coso
sinf —cosf — @ cos ‘~\\0 ’
/2
T —2cosf
20 I = /3d0/ , (sinf +cosf) dr
F Ry ey
= /W(sin9+0050)<—2c059—#>d@
N 3x sin§ — cos 0 ’
Where,
T . 2417 1
> —2/ sinf cos0df = — {sm 9}3 ==
& T2
™ sin(26) r 1 1
-2 2940 = — ol = _5_ =
| 2 /%rcos [ 9 + %r 471' 5

. in 6 i
> 2 [T 0TI Gy o [nfsing —cosl]], =2
f%rsm&—cosﬁ T

From which, I =1In2 — iﬂ'.

Exercise 6

1° The considered differential equation is written as

ylzy—i-tang
T T

which is a homogeneous diff. equation. Let z = g, and this yields
x

y' = xz' + z. It results that
dx

, . dz
zrz = tanz that is = —.
tan z x

By integration, we find In

0=04¢,s0c=0.

sing‘ =In|z|+c Ify = g for z = 1, then
T
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2° Here it is a linear differential equation of the first order. Seeking the
solution y in the form y = u(x)v(x), we have

} 1+=z

v| = .

(1+x) a3

v+ u {v'—l—
T

1
We choose v such that v/ + —————v = 0. This yields
x

(1+x)
dv dx ( 1 1>
— = = — — ) dz.
v z(1l+ x) l+z =z

It follows that

In|v] =1n —HB‘ + cnst.
1
Then we may choose v = + a
x
1 1 1
Besides, u'v = %, so ' = —. From which v = —— + ¢, and
x x x
14z

1
consequently, y = (—— +c
x x

Finally, y(1) = 1 gives ¢ =

N LN~
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LEBANESE UNIVERSITY Date: 09-09-2004
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Final II - session BC].]. Duration: 3 hours

ANSWER PAGE 35

Exercise 1 [15 pts]

1° Evaluate the following integrals :

2lnx

—dz;
1 VT
1
12:/33‘3\/1—1'2(1$;
0

I =

1
Ig,:/ arctan v/ dz.
0

1 1
2° (a) Calculate J:/% mdt.
ER
(b) Deduce the value of K = R P
o 1-+cos?zx
Exercise 2 [20 pts]

Let f be a function defined by :

In (1+ 2 + 22?) + cos(2z) +sinx —z — 1
5 :
T

fz) =

1° Give the finite expansion of order 2 of f(z) in neighborhood of 0.

2° (a) Show that f could be extended by continuity to 2 = 0. Let g be
its extension function.

(b) Determine ¢'(0).

3° Determine the equation of the tangent (") to the representative curve
Cy of g at the point of abscissa = 0, then precise the relative
positions of Cy and (T") in neighborhood of z = 0.
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Exercise 3 [15 pts]
Determine the oblique asymptote (A) at +oo to the representative curve

(C) of the function f, defined by :

f(x) = Va2 + 22 — 322 (\S/x?’—:n—m),

and then precise the relative position of (C') and (A) at 4oo.

Exercise 4 [20 pts]
Let D be the domain in the plane R?, defined by :

D:{(x,y)ER2 cx+y>2, z24+y?><4 and (l’—1)2+y221}.

1° Sketch D.
2° Using cartesian coordinates, write down [ = / / f(x,y)dxdy in two
D

different forms.

3° Using polar coordinates, rewrite down I = / / f(z,y)dxdy.
D

Exercise 5 [15 pts]

1 1,
Let I :/ dx/ ev dy.
0 T

1° Sketch the domain of integration D.
2° Calculate 1.

Exercise 6 [15 pts]

1° Solve the differential equation
(* + zy)y — (2® + ) =0.

Find the particular solution, that verifies y(1) = 2.

2° Solve the differential equation
9.9 1
(1+2%)*y + 22y = wei+a?,

Find the particular solution, that verifies y(0) = e.
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LU Sciences (I) Calculus

Year 2003-2004 SOlutlon BC11 (II - session)

Exercise 1

1° Evaluation of I;. Integrating by parts, with

u=Inx dr
du = —;

dz thus, z

dv = \/5 v = 2\/5

The formula of integration by parts permits us writing,
2
I = [Qﬁlnxﬁ — 2/ ﬁdw
1z
2 dx
:2v§m2—2/-—<
1 VT
So I =2v2In2 -4 (V2 -1).

Evaluation of I,. We may write,
1
I, = / V1 — 22 zdx.
0

Performing the change of variable ¢t = 1 — 22, we obtain
1 /0

L= 2
2.1

I, = .
2 15

Evaluation of 3. Integrating by parts, with
dx
u = arctan \/z duy = —————;
thus, 2vz(l+x)
dv = dzx .
v = .
The formula of integration by parts permits us writing,

1 1 T 1/ Jx
I3 = [xarctan\/ﬂo—i ; 1{xdw22_§ ; 1\—/i—_wdw

d
Set t = /z. Thus dt = —w, and dz = 2¢dt¢. Hence,

2z

1 1 2 11 t2_1
/ ¢de:2 t (h:2/—i¥——ﬂﬂz2—ﬁ.
0o 14+ o 1+1¢2 o 1412 2

EMﬂ%h:g—L
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11442 —¢2 111 t
2° (a) J = / %dt :/ {— — —2] dt. From which,
1ot(1+1¢2) Lt 1+t
1 51" 1 1
J_Pmﬂ—gmp+t”%_—§m2+§ma

(b) Let t = cosx we find

™

/§ sinxdz
K =
o cosxz(cos?x+1)

1

3 dt
B _Atﬂ+ﬁ)_l

Exercise 2

1° In the neighborhood of x = 0, we have

(x+222)%  (z+222)% (x4 222)*

2\ _ 2 _ _ 4
In(1+2x+22%) = x4+ 2 5 + 3 1 + x%e(x)
_opa32 55 L a4
= z+ 5%~ 3%~ % + ze(z);
L 2, 1 4 4
cos(2r) = 1-— 2'(2x) + (2z)* + 2%¢(x)

2
= 1-22%+ §JE4 + zie(w);

sindz = 23+ 2le(x).
Hence,
flz) = —% - gx + Ex2 + 2?e(x)
2° (a) We have
lim f(z) = —1.
z—0 2

Thus the function f could be extended by continuity to x = 0 by
the function g, defined by :

f(@) if x#0;
gl@) = —% if z=0.
() §/(0)= .
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3° The equation of the tangent is :

1
=——— -z
Y=7573

5
In neighborhood of x =0, f(z) —y ~ E:EZ > 0. The representative

curve of g is thus above the tangent in neighborhood of z = 0.

Exercise 3

1
1° Set t = - (x = 400 &t — 04). It yields
f(1> T2 3 [ 112 1
t) t2 t2 t3 t
1

Thus,
tf(%) =M—%(\3/1—t2—1).

In neighborhood of t = 0, we have

1
T+2t = 1—|—t—§t2+t25—:(t)

1 1
Vi—t2 = 1- §t2 - §t4 + tle(t).

1 1 1
tf(—) = 1+t—§t2+1+§t2—|—t25(t)

1
= 2+t— 6t2 + t2e(t).

From which,

F@) =20 4+1— 6% + és(m).

So the equation of the oblique asymptote (A) is y = 2z + 1.

1
2° At 400, f(z) —y ~ ~r < 0, then the curve (C) is below its asymp-
tote (A).
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Exercise 4

1° Graphical representation of D :

Yy

2

2° We have
D =DiyUDsy

where D and D, are defined by:

—y <z <Vi4-y?
and
0<y<; o 1 2\ @
1+/1—92 <z <4—92

The integral I may be written as
1 V4-y? 2 V4—y2
I:/d/ -, dx+/d/ 2.y dz.
; yHMf( y) W, fz,y)

Besides, we have
D = A1 UA,
where Ay and Ay are defined by :

0<z<1
Ali
2—x<y<+V4-—2x2,
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30

So the integral I is written as

1 Va—z2 2 Vid—a?
1= [de | ewdy+ o[ sy

V2zxr—zx

Using polar coordinates, we have

D =61 Uy

<

where 61 and J- are defined by :

™

0<0< —;

01 : 4
r

Y

61

S =
~ cosO+sin@
and
T<p<Z
4 — — 2
09 : 9 0]
- <r<2.
cos&—i—sinQ_r_

The integral I may be written as

us

= 2
I = /4d9 f(rcos@,rsin@)rdr
0

2cos 6

z 2
+ /2 de , f(rcos@,rsin@)rdr
z 2

cos O-+sin 0
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Exercise 5

1° The domain of integration D is bounded by the curves of equations :
z=0,r=1y=xand y=1.

) y==zx
1 Y 1 zT=Y 1 9
2°I:/d/eydw:/ ev d
0 yo 0 [y i|:c=0 y D
1 e—1
= (e—l)/ydy:T.
0 O T

Exercise 6

1° Rewriting the considered differential equation as

2
14k

1+

Y

SIS

which is obviously a homogeneous differential equation. Let z = g,
x

so we get ¢y = x2’ + z. Thus,

1+ 22 1 d
tz hence idz: ——$.
1+ 2 z—1 T

/
xZ +z=

By integration, it is found Y +21n
x
xz =1, then ¢ = 2.

2° It is the case of a first order linear differential equation. Seeking the
solution y in the form y = u(x)v(x). It yields

1—g’:—ln]$|+c.1f,y:2for
x

1
/ + / + 2z :| reltz?
u'v+u v v| = )
(1+ x2)2 (1+ 22)2
2
We choose v such that v/ + ——~—_y = 0. From which
(14 22)?2
T
dv 2z dx _
o Qa2 VT
L 2
1+x
Moreover, u'v = (fj_iz)m implies that o' = ﬁ
T x
— _1 1
Hence u = m—l—c, and consequently y = <m + c) elta?,

Finally, y(0) = e gives ¢ = g
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ANSWER PAGE 43

Exercise 1 [15 pts]
Calculate the following integrals :

1 T 1+t oo arct
[1:/95111 T ey = [TLEtnT 13:/ arctans .
1—2 0o 5+ 4cos(2x) 1 (1+22)3

Exercise 2 [15 pts]
Let a function f be defined by

R e 1 r—1
e = 1+cos(ar+:c2)——lne if x#0;
x
f(x) =
1 1 .
4z if z=0.
2 e

1° Give the finite expansion of order 2 of f in neighborhood of 0.
2° Show that f is continuous at 0.
3° Show that f is differentiable at 0. Determine f’(0).

4° Determine the equation of the tangent (A) to the representative curve
(C) of f, at the point of abscissa x = 0, and precise the relative
position of (A) and (C') in neighborhood of 0.

Exercise 3 [10 pts]
Let a function f be defined by :

f(m):x(e% —1) (\/1+m2—m).

Use finite expansions to determine the asymptotes to the representative
curve (C) of the function f, in the neighborhoods of +o00. Precise the relative
positions of these asymptotes with respect to (C).
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Exercise 4 [12 pts]
1° Solve the following differential equations :
(a) 1+e¥)der—(x—1)dy=0.
(b) zyy' + 2?2 +y% = 0.
2° Integrate the following differential equation :

, 1 _ Inz
w(l—i—x)y_ 1+

Y

Determine the particular solution that verifies y(1) = 1.

Exercise 5 [6 pts]

Calculate / * da / ’ cos? y cos z dy.
0 T

Exercise 6 [17 pts]
Let

1 1—/1—y2
1 :/ dy/ dz.
0 VY

1° Sketch the domain of integration D.
2° Rewrite the expression of I by changing the order of integration.

3° Using polar coordinates, calculate I.
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LU Sciences (I) Calculus

Year 2004-2005 SOlutlon BC11 (I - session)

Exercise 1

Evaluation of I;. To integrate by parts we set

1+ du:ﬁ

u = In 1 — 22
-z thus, 5
dv = zdzx _ =
YT

The formula of integration by parts gives

x2 1—|—x

[ = —
! 1—x 1—x2

that is,

s +w21 1+ 1. 142z
=+ —In—— n
! 21—z 2 1-—z

Evaluation of I,. Let t = tan x, thus dt = (1 + ¢2)dx. And so,

L1+t dt V14t
12:/ 3 = _
05+41—t 1+t Jo 9+1¢2
1+¢2
then
Ld@+t*) 1 1t 1 o1
9+t2 / 5T [garctan§]0+ 5 {ln(9+t )}O
1 1 10
Finally, I = - arctan - + = In —
3 3 29"

Evaluation of /3. Setting ¢t = arctan x, we obtain

uy

/2 sin tdt.

4

— 2 —
13_/% tcostdt [tsmt}

by parts

ENERRNIE]

™ f
Th ;=L _ V2 1
R 2<4+>
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Exercise 2

1° cos(z+2%) = 1— 4 r2e(2).

e@ = e 175 4 a2 (x) = é 11—z — %2) + z%(x)
lhqem_1 = lln <1+§+x_2+:c_3> +x2€(m):1—|—£+x25(3})
z T x 2 6 24 2 24
It gives f(z) = % + é - (é + i) T — (6_76 + %) 22 + 22%e(z).

2° fis continluouslat x = 0, since glclg%) flz) = % + é = f(0).

3 f(0) =~ 5

4° The equation of the tangent (A) to the representative curve of f, at

2 e | 24

and the term — 6o + D) 22 < 0 shows that the curve is below that
e

tangent in the neighborhood of 0.

1 1 1 1
the point of abscissa © = 0 is given by, y = - + — — (— + ) x,
e

Exercise 3

1 1
Let t = o We look for the f.e. of order 2 of tf < ) as T — 00.

t
tf(%) (et —1) <@_1>.

It] t
As ¢ — +o0

2, 11 . .
tf <¥) =5 +t%e(t), thus f(x)= % + ;s(:c), with xll)r_‘r_loo e(x) = 0.

1
The curve admits the horizontal asymptote y = 0, and % > 0 implies that
x

the curve is above this asymptote at +oo.
As x — —o0

w(b)=-1 (t+i+ﬁ> (Hﬁ) et = 2t 2 1 2e(t),

t t 2 6 2

) 1 . .
thus f(z) = -1 -2z — o + ;E(w) with Eriloos(x) =0.

xr
5
The curve admits the oblique asymptote y = —1 — 2x, and since 62 >0

x
then the curve is above its asymptote at —oc.
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Exercise 4

1° (a) Separating the variables, we get
e!/dy  dw
1+ev x—1

thus, y = In |k(1 — ) — 1|, where k is an arbitrary constant.

(b) The considered differential equation is homogeneous. In fact,

f_ Ty
y T
Set y = zx. It gives,
zdz  dw
14 222 x

1 2
By integration we get, 1 In <1 + 2y—2> =—Inl|z|+ec
x

2° The considered differential equation is linear of first order. Seeking
the solution y in the form y = u(z)v(z) where

d
v’—*vzo,thenlnv:/iw:ln ac and so,
z(1+ ) r(1+ ) 1+

x
S l+4z

1 In 1 2

o wv= 2 , then v/ = _x andsou—/—nxdx— nz) +ec.
1+=z

. (Inz)? +¢

Finally : y = 0———.

inally : y x2(1+x)

y(1) =1 gives ¢ = 4.

Exercise 5

The integration domain D is bounded by the curves whose equations are :
T T
r=0,z=—,y=xzand y = —.
20 Y =3

To be able to evaluate I = / * da / ® cos?? y cos x dy we need to reverse the
0 Y

order of integration. Therefore, y=zx

T |
2

5 Y
I = 9 d/ d
/0 cos yyocosm:z: L 5

-

T 100,72
2 g9 . cos ™y 1
= cos™ ysinydy = — =—.
/0 ySImyey [ ] o 100

(VB

cos? ydy [sin x] z

NN —————
8

3
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Exercise 6

1° The domain of integration D of the integral I is bounded by the

curves of equations : Y
\ (1,1)
D
r=—y and z=1-—+1-192 /\
(0] 2 x
2° By a suitable partitioning of (D), we have
D =Dy UD, g
where Dq and Dy are defined by :\ (1,1)
0<x<1
D1 .
Vor—a2<y<l1
&\\
-1<z<0 29 [9) 2 T
D2 .
3:2 <y< 1 r= silllB

0 1 1 1
Thus, I = / dw/ dy +/ dx/ dy.
-1 x2 0 V2z—12

3° In polar coordinates

sin 0

1

jus § 3z 1 ™ -
[:/2d9 "rdr+/ 4d0/ 7 dr + d@/co°20rdr
% 2cos 0 % 0 3% 0

with
2 Y 175/ 1
> 11:/ a [ rar = [ <#—400529> a0
I 2cos 6 2 I sin“ ¢
1 . 3 T
= 5[—c0t9—sm(29)—29}§—1—1.
3% FYs 1 /3% 1 1 3z 1
I, = do dr==] ——df=—=[cotf]2* = ~.
> L /g /0 rar 2/5 sinZ o gleott]s’ =5

sin 0

4 cos2 0 1 3% Sin29 1 3 ™ 1
Is = de dr = - ——df == |tan” 0 =_.
> 13 /3% /0 rar 2[v cos 0 6 [ an L’»% 6

2

Therefore, I = g —

NE
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LEBANESE UNIVERSITY Date: 14-09-2005
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Final II - session BC].]. Duration: 3 hours

ANSWER PAGE 49

Exercise 1 [18 pts]
Calculate the following integrals :

0 = in(2 T

L = / eVItazdey; L=[" Md;ﬂ; Is = /4 tan z In(cos z) dz.
J-1 0 V14 3cos?x Jo

Exercise 2 [17 pts]

Give a function f defined by :

f(z) = arctan(1 + x) — %cos(m\/i) — %e%.

1° Give the f.e. of order 3 of f in the neighborhood of 0.

2° Determine the equation of the tangent (A) to the representative curve
(C) of f, at the point of abscissa x = 0, and precise the relative
position of (A) and (C') in neighborhood of 0.

Exercise 3 [14 pts]
Use finite expansions to calculate the following limits :

.1 1 1
1° lim — — .
(14+x)e* coszx

. 1 1
2° lim z° {ew —ewfl}.

Exercise 4 [8 pts]
Consider

D:{(m,y)€R2; ogxgg, 0§y§1}.

Calculate I= // x cos(xy) cos® x dx dy.
D
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Exercise 5 [25 pts]
Let

I—/dy/m x.

1° Sketch the domain of integration D.
2° Rewrite the expression of I, by changing the order of integration.

3° Using polar coordinates, calculate I.

Exercise 6 [18 pts]

1° Solve the following differential equations :
(@) (x+2y)y +y+2x=0.
dy 1—y
b) —= = .
(b) dz 1+ 22
2° Integrate the following differential equation :

1+
Y-y a2,

Determine the particular solution that verifies y(—1) = 1.
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Then we get by the formula of integration by parts

I3 = [uv}f —/O%Udu

LU Sciences (I) . Calculus
Year 2004-2005 SOlutlon BC11 (II session)
Exercise 1
Evaluation of I;. Set t = +/1 + z, hence
z=t>—1, and dz=2tdt.
> 3 11 4
That yield 1_2/ DAt =2|— — = :2<—__>:__'
at ylelds : {5 3 ] . \573 15
Evaluation of Ig. Let t = 14 3cos?z, so dt = —3sin(2z)dx
dt 2
H T = 2 2—4)=-.
ence : [y = 3 \[ { \/_} 3( ) 3
Anoth thod : I 2 tdt { 2 1—|—3t2}0 2
nother method : = 2| ———=|—=V =—.
2 t=cos T 1 m 3 1 3
Evaluation of Is.
First method : Performing the change of variable
t =In(cosz) then, dt= —tanzdz.
1
—1m2 ;2] 32 1
Hence:Ig,:—/ Ctdt=— | = =——In%2
0 2 0 8
Second method : Integrating by parts, with
u = In(cosx) L du = — 227 dz;
which gives cosx
dv = tanzdz v = —In(cosx).

s z 1
= — [l]{lz(coszn)}(;JL - /4 tan z In(cos z) dx = —Zln22 — Is.
0

1
Finally, Is= -3 In?2
Third method : With ¢ = cos z,
2

V2 2
I3 = / lntg:— (In?) :—lln22.
1 t 2 ] 8

SN
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Exercise 2

1° Having arctan’(1 + 2) = ——— =

obtain arctan(l + z) = Z + g - :EZ + % + 23¢(w).

Similarly, in neighborhood of zero, and up to order 3, we have

2 3
cos(vV2z) =1 — 2%+ 2%(z) and we? =z + % + % + 2% (x)
Then :
f@) =T -4 hate(@) with lim<(@) =0
)=, — 5+ gtee(@) with lime(z)=0.

2° The equation of the tangent (A) to the representative curve of f, at
the point of abscissa x = 0, is

V=1

3
Asz — 0, f(z) —y ~ 31:_8’ then to the left of 0, the curve is below

(A), and to the right of 0, the curve is above (A).

Exercise 3

1° We may write —

1{( 1 1 ]_cos:n—(1+$)ex

1+xz)er cosz] ax(l1+x)eTcosx

In neighborhood of x = 0, and to order 1, we have

cosx — (14+z)e® = 1— (14 2)(1 +x) 4+ ze(z) = -2z + ze(x).

x(1+x)e*cosz = x+ xe(x).
From which, Tim ~ |—— L] i (<24 e(a) = —2
rom whieh, ez (14+x)e*  cosz = o5 S =

t
1 1 et — eT—1
2° Setting t = —, then 2 (e% _ eacfl) —
x t

In neighborhood of ¢ = 0, and up to order 2, we have :

t2
el = 1+t+§+t2e(t).

_t 2 32
eT=t =t pt2e(t) =1+t + -+ t2(t).

1
From which we deduce that lim 2?2 (e% - eﬁ) = —1.
r——+00
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Exercise 4

The domain of integration D of the integral I is bounded by the lines of
equations:x:(),x:g,y:Oandyzl.

z 1
I= /chos (x )dx/ cos(zy)dy Y
0

[SIE]
et

= / cos? z[ sin( :Uy)} d:U
0

ISIE]

:/ cos® rsin zdx
0

(0 ™ x
2
B cos z 1
= =3
Exercise 5
1° The domain of integration D, Y

of the integral I, is bounded
by the curves of equations : = —/2y — 92
y=0,y=12=—2y—y°

and z=1— /1 — 1y

2° We may write

D =Dy UDs, o

where D1 and D, are defined by :

0<z<1
Dli YA
V2r—a?2<y<1
(1,1)
-1<z<0 ;f
Dgi D ©
1-V1-22<y<l1
&\\
From which 20 0O > %

0 1 1 1
I :/ dx/ dy +/ d:l:/ dy
-1 1—v1—2a2 0 V2r—22?

o1



3° In polar coordinates "

We may write
D=A1UAyUA3,
where A1, Ay and Ag are defined by :

Tepg<t o<
4 2 2~ — 4
A 1 AV 1
2cosf <r < 0<r< —
sin — T siné

3

— <0<
and Agz: 4

It follows that,

3 L iz = ™ 2sin 0
2 sin 6 4 sin 6

I:/ de rdr—l—/ d@/ rdr—l—/ d@/ rdr.
T 2 cos 6 5 0 ‘%r 0

On the other hand,

™ 1 ™
2 Sing 1 /2 1

> 11:/2d0 grdr:—/z (7—400829>d9
z 2cos 0 2 z sin“ 0

4

= —cotf —sin(20) — 26|~ =1 —
| )

N —

T
1 .
3T

x FEY 1 /% 1 =
>I=/ de/s‘“ d:—/ — =] —cotf|* ==.
=) Tl T T2z sine 2{ 0 L 2

T 2sin @ ™ T
> Iy = /3 d@/ rdr = 2/3 sin? 6de :/3 (1 — cos(20))do
sz Jo & T

4

- [Q_Sin(%)r or 1
N %_4 2

LN EENTE

2
Hence, I =11 + 1o + I35 =1.
Additional Question : Can you re-find the value of I geometrically ?
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Exercise 6

1° (a) The considered differential equation is homogeneous. Infact,

Yy
,__y+2x__2+;
x

Let y = zz then, ¥y’ = x2’ + 2. Thus the reduced differential
equation, satisfied by the function z = z(z) is

dz+ 2+ 2
T— 4tz =——"
dz 1422’

and separating the variables, we find

1422 dx
— " _dz=—-2—"7.
14+ 2422 x

Its integration gives

In|2+ 22 +22% = —2In |a] +c.

2
Finally, In <2 + 2¥ + 2y—2> = —2In|z|+c¢, where c is an arbitrary
x x
constant.

(b) The considered differential equation is that with separable va-
riables. We write,

dy xdz
VI=y  VIt+a?

By integration : —2y/T —y = V1 + 22 + ¢, with ¢ € R.
2° The considered differential equation is linear of first order. Its general

solution is looked for in the form y = wwv. Upon substitution, we
obtain,

1
v+ u |:?)/— +$v] = 22,
x

The function v is chosen such that

1 1
v — +:Ufu:O that is @:<—+1> dx
x v

that yields v = xe”.
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Besides,
—T

!
wv = 22 then u = xe

therefore, u=—(1+z)e " +c.
The general solution is thus,

y=[-1—x+ce’]x.

Finally, y(—1) = 1 gives ¢ = —e.
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LEBANESE UNIVERSITY Date: 10 February 2006
Faculty of Sciences (I)

Final (Group I) Math171 Duration: 2 hours

ANSWER PAGE 57

Exercise 1

1
1° Give the f.e. of (cosx)=Z to order 2, in neighborhood of 0.

2° Give the fe. of e to order 3, in neighborhood of 0.
2

3° Give the f.e. of arctan 1 to order 12, in neighborhood of 0.

IL‘2

Exercise 2
Determine a and b such that

. x4+ a

lim z |24+ (3+x)In = 2.

x—-+00 T+b
Exercise 3
1° (a) Determine A, B, C and D such that
T A B Cx+ D

Cr2(1+2?) o241 @rl2  Zrl

1

d
(b) Calculate [ :/ xz v v
o (x+1)%(1+22)

2° Calculate [ = /\/ e? — 1dx, setting u = +/e* — 1.
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Exercise 4

1 V3—y2
Let [ :/ dyL2 flz,y)dx.
0 T

1° Write down the equations of the boundary curves of the domain D,
over which the double integral I is considered. Sketch D.

2° Rewrite the expression of the integral I by reversing the order of
integration.

Exercise 5

Using polar coordinates, calculate

= f
x +y

with D = {(2,y) ; 22 +9*> -2 <0, 2> 1, y > 0}.
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LU Sciences (I) S 1 . Calculus
Year 2005-2006 O utlon Math171 (Group I)

Exercise 1

1° We have (cos x)%? — ez In(eose) neighborhood of x = 0 we have

2 4

cosmzl—g—l—%—l—x‘le(m);
2 4
In(cosz) = In 1—1—(—%4—;—4) + xle(x)
22 2t 1 x2+x4 2+4()
= —— 4+ — —— | —— 4+ = zle(x
2 T2\ T2 Ty c
2 4
x x
= —?—E‘FIAZS(I')

L 1_z? 1 z?
Then, (cos )22 =e 2712 +a%e(x) = —= [ 1 — = | + 2%¢(x).
_l’_

x
T = 1 4 g+ 5 + 51 + a0 + 23¢(x)
2 3
= 1+m+w—+w——|—x3e(m).
2 2
3° Giving the f.e. of the derivative function of f(z) = arctan T2 to
x

order 11, in neighborhood of 0,

= —2z +22° — 22° 4+ zMe(x).

By integration we finally get

6 .10 6 .10
¥ x T ¥ x
fz) = f(O)—w2+§—?+x125(w) = Z—x2+§—?+wus($).
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Exercise 2

1
Set = o (x = +00 <=t — 0;4). Hence,

N 1 143t /1+at
f&)_ZP+ t m(qul

In neighborhood of t = 0 and to order 2, we have

14 at
n =
140t

In(1+ at) — In(1 4 bt) = (a — b)t — %(cﬁ _ )2 4 2(0).

It follows that

—b B —a?
fG>=2+? + 2a +3(a — b) +&(t).

The limit of f(z) as z tends to +o0o would be equal to 2, iff

24a—-b=0; and

+3(a—b)=2
which is equivalent to,

a—b= -2

a—b=-2;
1 that is,
3(a—b)—§(a+b)(a—b):2 a+b=38.
Hence, a=3and b=>5.
Exercise 3
x A B Cx+D

10 - .
@) GIra e rrl @i 2l

Reducing to same denominator, and then by identification, the
unknowns A, B, C and D verify the following system of equations

A+C =0; A=C=0;

A+B+2C+ D =0; 1
then B:_g’

A+C+2D =1,

A+B+D=0, D=

N =

o8



B +1 I dz
2Jo A+2)2  2Jo 1+ a2

1[ 1 ]1+1{ . }1 T 1
== — |arctanz| = — — —.
214+xly 2 o 8 4
2° With u = v/e* — 1, it follows that,
= In(1 + u?) and dz = 2u du.
1+ u?

Hence,

Y —

Retaining x back we get :

I1=2 [\/ex — 1 —arctan ve®* — 1} + cnst.

Exercise 4

1
2) du = 2 (u — arctan u) + cnst.

D = DU D5 U D3, where Y
0<zx <1
Dy : -T2 V3
0<y<v2 V2
1
—<r<V2
Do 2~
0<y<l1
\/_éméf D1 |
DS:{ (Ds)
0<y<v3
3 V2 V3

I = //Ij'lf(x,y)dxdw//D'Qf(x,y)dxdw/'Dgf«r,y)dmdy

= / da:/ flz,y) dy—l—/l\/idx/olf(a:,y)dy—i—/\/fdw/o\/%(xay)dy
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Exercise 5
The domain D is defined in polar

coordinates as y
@

m
0<6< 7 'R

D:
<r <2cosf.

cos 6
The integral I is written as

2cos
I— / de/ @.
o x
Hence,
z 2cos us 1 2cos
j /4 / dT‘ _ /4 [_2] 40
N
%
N (COS 9_460829> o
In fact,
1 sin(20)1% 7 1
2{ + 2 L) 8 +47

s 1 /=
/4 cos® 0 df = 5/4 (14 cos(26)) do
0

/OZ co(ige [tanﬁf 1.

T
Theref I1=—.
erefore, 16
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LEBANESE UNIVERSITY Date: 10 February 2006
Faculty of Sciences (I)

Final (Group II) Mathl71 Duration: 2 hours

ANSWER PAGE 63

Exercise 1

xT —x

e e
1° Give the f.e. of ——— to order 4, in neighborhood of 0.
sin x

2° Give the f.e. of eV1T® to order 3, in neighborhood of 0.

. 1
3° Give the f.e. of arcsinz to order 3, in neighborhood of x = o

Exercise 2

Let f(x) =1In

14+ sinx

1—sinz’

1° Give the finite expansion of order 3 of f in neighborhood of 0.
2° Calculate f/(0).

3° Determine the equation of the tangent A to the representative curve
C of f at point O(0,0). Precise the position of A relative to C, in
neighborhood of 0.

Exercise 3
1° (a) Determine A, B and C such that

A N Bx+C
-1 z—-1 224z2+1
dzx
(b) Calculate I = /ﬁ

1
2° Calculate I :/(x;i% and I :/ (arccos )2 dz.
-1

Exercise 4
2 2—x

Let I:/ dgu/2 f(z,y)dy.
—6 =1

1° Write down the equations of the boundary curves of the domain D,
over which the double integral I is considered. Sketch D.

2° Rewrite the expression of I after reversing the order of integration.
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Exercise 5

Use polar coordinates to calculate

I—// dzdy
S (L4 22 +y?)?

with D ={(z,y); 0<a<a®+y* <1, y >0}
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LU Sciences (I) S 1 . Calculus
Year 2005-2006 O utlon Math171 (Group II)

Exercise 1

2 .1'3 .1'4 5

x x
1° er=1 = —
e +m+2+6—|—24+120—|—x5()

v 23 2t b

_1_ o -
T+ =g 5 1g0 T OE@);

- 24—+ — 4
ef —e 3 60 4 22
Then, ina $2+$4 +336()—2+—3 +§+l‘€( x).
6 120

2 3
2° \/1+m—1+§—%—|—1—6+m g(x). Thus

1
3° Set x = 3 + t. To order 2, and in neighborhood of t = 0, we have

1 1
arcsin’(t—l——): e — {H—(
2 §_t_t2 f
V 4

m|>—-

—é(t+t2)>

2 2 (_l)<_l_1) 4 2
= —[1+2(t+8 AG% t2> 2
v R AR — S+ ) |+ t%(1)
2 2t 4t?
= = |1+ 5 +— | +t%().
\/§< N 3)* <)
By Inte ration'arcsin<t—|—l>_arcsml+2t 22 + ]¢3 + (0

Then finally :
arcsinx—zﬁ—i(x—l)+i<x—1>2+i<x—1>3—l—<w—1>35(x)
6 3 2) 33 2) 93 2 2 '
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Exercise 2

1° Expanding in neighborhood of 0 up to order 3, we get
23
1 -z
#fe-2
23\ 23\
s \"7%) "%

xr

6 2 + 3
xr

2

In(1+sinz) = In + 23¢(x)

=x— + 23¢(x)

2 .3
= w——+€+w3€(x);

1+ —x—i—w—s
6

In(l —sinz) = In + 23e(x)

= —x+ 5 5 + 3 + 23¢(x)
2 3

_ T T 3

=—r- 5 + z°e(x)

It implies that
1+sinz x3 3
=ln— =22+ — .
f(z) no——— x + 3 + z°e(x)

2° f'(0) = 2 (it is the coefficient of x in the f.e.).
3° The equation of the tangent A to the curve C of f at point O(0,0)
3

is y = 2x. Moreover, in neighborhood of 0, f(z) — 2z ~ % Thus,

> As z — 04, C is above A}
> Asxz — 0_, C is below A.

Exercise 3

1
A= =
1 A Baz+C A+B=0, 5

X
10 _ A—C=1: __L
@ s 1= iterer1 ™ P g . 0:$ B=—3;
- + =Y 2
-2
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1 T+ 2
(b)[:3ln|m—1] 3/m2

+m+1
1 2¢ +1 1 1
= -lnlz—1 S ———d
3nx - 6/w2+w+1 2 24+x+1 v

1 ) 1
2

1 1 3 2 1
= g1n]95—1]—Eln(ac2—i-ac—|—1)—%arctan( x\/—g

2° Evaluation of [; : Performing the change of variable t = /z. It
follows that

) -+ cnst.

2dt
I = /m = 2arctant + cnst = 2arctan v/ + cnst.

Evaluation of I> : A first integration by parts gives

1 1 d
I, = [m (arccos x)ﬂ T 2/ arccos x%
- -1 —x

1
= 72— 2/ arccos z d (\/1 - 1‘2) .
-1
Integrating by parts once more, we get

1 1
I2=7T2—2([\/1—a:2arccos:c} l—i—/ dx):ﬂ2—4.
- -1

Exercise 4

We have
D =DiUDs
D -1<y<0 =-2yy+1
1 -
2Vy+1<ao<2yy+1
2v/y+1
Do - 0§y§8 r=2y/y+1
2 .
2Vy+I1<or<2—y
T
The integral I is written as

y=2—=x
2v/y+1

I—/ / J;ydx+/dy/ flx,y)dx
2V/y+1 2Vy+1
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Exercise 5

The domain D is defined in polar coordi-

nates as Y

T
<h < —:
D:{ 0= -2

cosh <r <1.

The integral I is written in the form

z 1
I:/2d0 _rdr
0 cos@(1+rz)2

Thus,

N[ =

1 /% 1 1!t 1 /%5 /1
I = —= do = —= S — s ]
2Jo |:1+7“2]COS,9 2Jo (2 1+C0829)

T 1 /(% do

8 +2 o 1+cos?28’

And,

/% de _/% d(tanf) [Larctan
0 14+cos?20 Jo 2+tan?0 [V/2

Therefore finally, [ = %(\/5 —1).

(VB

2V2°
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LEBANESE UNIVERSITY Date: March 2007
Faculty of Sciences (I)

Final Exam Math171 Duration: 2 hours

ANSWER PAGE 69

Exercise 1 [15 pts]
1
1° Give the f.e. of order 3 of f(z) = Infeos ) in neighborhood of z = 0.
cosx — 1
2° Let f be a function defined by f(x) = ﬁ.

(a) Write down the f.e. of f to order 2, in neighborhood of z = 0.
Show that f is extendable by continuity to x = 0, with function
g as its extension .

(b) Determine the tangent to the curve of g at the point of abscissa
0, as well as its position relative to that curve near that point.

Exercise 2 [15 pts]

22
1° Let J = ——du.
et J /0 =2 U

(a) Find the real numbers a, b and ¢ such that

u? a b

1—u2_1—u+1+u+c'

1 )
(b) Deduce that J = I (3+2v2) - %

s .
1 Sln2 T

dz, setting u = sin x.

2° Calculate /
0

3° Calculate K = /Z cos(z) In(cos ) dz.
0

Exercise 3 [10 pts]
Choose and treat one and only one of the following questions :

. sinz tan x 1
1° Calculate I(x) = /m dz, and J(z) = /xz(m +1) da.
1 1

w(1+x)y: 1+

2° Solve the differential equation : " —
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Exercise 4 [15 pts]

. . L. . 3In(1 4 cos x)
The aim of this exercise is to evaluate the integral I = / —~dx
0 cos T

1° (a) Let a € Rand b € [0, 1]. Setting t = tan g, calculate

2 a
= —dz.
d o 1+bcosz .

us .
2 siny

(b) Deduce the equality dz =y.

o 1+ cosycosz
2° Calculate the double integral

_// sin y da dy
D1+ cosycosx

where D is the square {(an,y) eR2:0<z< g and 0 <y < g}

3° Choosing an appropriate order of integration for K, deduce the value
of I.

Exercise 5 [15 pts]
Consider the double integral

V3 3,
I:/ dy/ e’
0 yV3

1° Represent graphically the domain of integration of I.

2° Calculate I by altering the order of integration.

3° Using polar coordinates, calculate I.
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LU Sciences (I) . Calculus
Year 2006-2007 SOlutlon Math171
Exercise 1
1° Expanding to order 5 in neighborhood of 0, we get
2 4
cosx = 1— % + 5—4 + x%¢(z);
2 4
In(cosz) = In |1+ <—% + ;—4> + 25e(x)
2 4 4 2 4
- T T sy = T s
= 2—1-24 8+£L’€(l‘) 5 12+l’ ()
1 n 2 )
Thus, f(x)= —% +x3e(z) =1+ % + 23¢(x).
x
R
2° (a) In neighborhood of z =0
3, 2
sinx =z — €+x g(r), and e = 1—x+7—|—m e(z).

From which follows f(z) =1—xz+ %2 +x2%¢(x). As, ilg% flx) =1,
then f is extendable by continuity to 0, with extension function
g, defined by : g(z) = f(z) if x # 0 and ¢(0) = 1.

(b) The equation of the tangent (D) to the representative curve (C)
of g, at the point of abscissa 0 is y = 1 —xz. Moreover, (C) is above

2
(D) in neighborhood of = = 0, since f(z) —y = % > 0.
Exercise 2
1° (a) We have
a b a+b+c+(a—bu— cu?
+ +c= .
l—u 1+4u 1—wu?
Thus by identification, we have
a b n a+b+c+(a—bu— cu? u?
c= =
l—u 1+4+u 1 —wu? 1—u?’

iff c=—-1,a—b=0and a+ b+ ¢ = 0. Solving the system, we
1
tc=—-1,a=b=—.
get ¢ , a 5
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(b) From question 1°, it is deduced that

L1 2

f V2
1 2 2 2
[——ln\l—uq { ln]1+u|] ’ —i
2 o 2

v2
=

SN

- %ln(3+2\/§)—

2° By means of the change of variable u = sin x, we notice that

T sin? :13 ? u?
M = / dx = 2du:J.
Ccos T o l1—u

3° Integrating by parts with u = In(cos z) and dv = cosz dx, we get

x L)
T 1 isinfr 1 V2 V2
K= [smﬂzln(cosx)}o —I—/0 cosxdx_ éln <3+2\/§> - TIHQ_ -
Exercise 3

1° o I(z) / sinz tan /tan zrd(tan z) t2dt
[ ] €T = = prd .
cos? x + sin? a: 1+tandz t=tanz ) 1+ 3

1
From which it follows that I = 3 In ]1 + tan?® :E] + cnst.

1 1 1 1
o J(z) = — ——+ dr = —— —In|z| +In|1 + x| + cnst.
22z 14z x

2° Tt is a linear differential equation of first order. The general solution
y of this equation is sought for in the form y(z) = u(z)v(z). Then
y' = u/v + v'u, and the considered diff. equation is rewritten as :

, {, 1 } 1
Uv+u|v — v| = .
z(1+ z) 14z
> v — #v = 0, which implies v(x) = T
x(zx+1) 1+

1
> uv=—— 52 ——, yields u(z) = In |z| + k.

Thus, y = (In|z| + k)l—kix’ where k is an arbitrary constant.
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Exercise 4

42
5 It follows

and cosz =

2dt
1° (a) Fort:tang,wehave dx = el
that

J—Qa/l di _ 2 arctan —1_b
ST )+ (1-b2 T VT2 110

(b) Using the result of the preceding question with a = siny and

b=cosy for y € }0, g}, we have

/% siny q 2siny ¢ 1 —cosy
———dr = ———=——=arctan | ——.
o 14+ cosycosz V1 —cos?y 14 cosy

2siny

And since ——=——
V1 —cos?y

2 sin y 1 —cosy
———dx = 2arctan | ——.
o 1+ cosycosz 1+cosy

= 2, then :

1 — cos
Moreover, it is easily verified that S Y _ tan? g, and conse-
1+ cosy 2
quently,
1 —cosy Y Y
arctan 4/ ——— = arctan | tan = | = =.
14 cosy 2 2
Then finally : /2 Y = .
o l-+cosycosx

2° Integrating first with respect to x, and further with respect to y, we

get
2

_ siny B T
K= dr = / dy="".
/ /o 1+ cosycoszx v From 1°(b) Jo v 8

3° Integrating first with respect to y, and further with respect to x, we

get
s 1 y:%
K = / / __ sy —dy= —/2 {—ln(l + cosycosx) dz
0 l+cosycosz 0 Lcosz y=0
3In(1
_ /2 n(1+ cosz) i
0 cos T

2 In(1
Iwﬂ%[5ﬁ£LﬂﬁﬁmZK:l.
0 COS T 8



Exercise 5

1° The domain D is represented in the following figure :

YA
T
Y= —x=
V3
VBp=m=mmmm—2
D
o 3 x
2° Changing the order of integra- YA P &{fb
tion, the domain D is defined g
as V3p----- -
0<x <3
D: 0<y < x D
=Yz V3 O 3 x
Then
3 =z 3
V3 .2 1 2 2 \/g 9
I:/dm/ e’ d :—/exdm =— (e’ —1
0 0 Y 2v/3Jo @) 6 ( )
3° In polar coordinates, D is defined as
- YA
<0< —:
0 = 0 = 67 \/g _____________
D :
0<r< 3
~ T cosf’
Then, e 6
E e e O
I= / dH/COD e’ e O dr
0 0
_ /% 1 {TQCOS%QT:ﬁ d@:eg_l s dé
0 2cos?f r=0 2 Jo cos?26’
9 1 9 1
It follows that : I = € tan% _ ¢ 5 V3.
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LEBANESE UNIVERSITY Date: 22 Feb. 2008
Faculty of Sciences (I)

Final Exam Math171 Duration: 2 hours

ANSWER PAGE 75

Exercise 1 [22 pts]

1° Let f(z) = M

(a) Write down the f.e. of order 3 of f in neighborhood of = = 1.
(b) Calculate f(1).

¢) Determine the equation of the tangen o the representative

Det ine th ti f the t t A to th tati
curve I' of f, at the point abscissa x = 1, and precise the relative
position of I' and A in neighborhood of z = 1.

sin x x
r — Esinhx

4

2° Calculate lim
x—0 €T

3° Determine the equation of the asymptote T" at +oo to the curve C of

f(@) = (V2% 322 +1~ Va? — 22+ 2)
and precise the relative positions of T" and C in neighborhood of +oc.

Exercise 2 [10 pts]
Calculate the following integrals

I(x):/ﬂdm, J(a:):/m21n(l+x2)dx, K(m):/ﬂdx.

24+z+1 et e "
Exercise 3 [14 pts]
o 1
1° Calculate I(t) = /m dt.
dé
2° Ded 0)= | ————.
educe J(9) /cosHsinZH
1 2
3° Calculate K(z) = /% dz.
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Exercise 4 [24 pts]

1 1
1° Calculate A = / dy/ sin(z®) dz.
0 VY

3 VY
2° Let B = / dy/ fz,y)dz.
0 -3

(a) Change the order of integration of B.

(b) Write down the expression of B by using polar coordinates.
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LU Sciences (I)

Year 2007-2008 Solution

Calculus

Math171

Exercise 1

1° (a) Let x = 1 4 t, and expanding in neighborhood of ¢t = 0, we have
In(1 — 2t) 83 . .3
=2 ot 23 4 3e(h).
f(z) 1 gt +t7e(t)

Then the f.e. of order 3 of f(z) in neighborhood of z =1 is
8
fl)=-2(zx—-1)— g(x —1)3 + (z — 1)3e(x).

(b) f'(1) =—2 (it is the coefficient of (z — 1) in the f.e.).
(¢) The equation of the tangent at the point (1,0) is : y = —2(x — 1).
> f(z) —y ~ —g(x— 1) < 0, as © — 14, hence the curve is
below the tangent.
> f(z) —y ~ —g(x— 1)* > 0, as © — 1_, hence the curve is
above the tangent.
2° In neighborhood of 0, and up to order 5, we have

3 5 3 5
e —r— 2 T 5 i T .
sine =z — 5 + =] +2°¢(z) and sinhzx =z+ a0 + = +z7e(x).
Thus, in neighborhood of 0, and up to order 4, we have
. 2 4 2 4
sinz T T T T T
S P d =1— " tale().
z 6 Tigg Te @) and GO 6 360 @
Expanding ¢ and eswhF in neighborhood of 0, and to order 4, we
have
sinx x2 w4
e = = e xe wTim + ate(x)

- 2 4
We find as well, esinhiz = e (1 - % + ;—O) + xe(x). Tt follows that,
. B 2 1’4 2 I4 4
Cete —emaE 6<1_E+E)_6<1_F+%>+$5@) e
lim ———— = lim =——.
z—0 x4 z—0 x4 90
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Exercise 2

3° Let z = (r = 400 & t — 04). We begin by expanding finitely

~+ | =

1
tf (Z) to order 2 in neighborhood of t = 0,

th) V1436 +13 — V1264212
t) ¢ '

In neighborhood of ¢ = 0, and up to order 3, we have
1(1 1(1 1
1 HE-1 TE-1)(i-2
ViFstit=14 g(:-;t +8) 4 ‘“’(32—')(375 +)24 W(& +8)3 4+ £%(1)
= 1+t - 2423 4 t3¢(t).

And,

—_

YL | o i1
1—2t+2t2:1+§(—2t+2t2)+ 2 (—2t+2t2)2+T(—2t+2t2)3+t3e(t)

1. 1
= 1-t4+-t24 -3 4 83(t).
£t el

Then

1\ . 3, 3,5
tf(t)_2 St ot H ().

Thus, as x — 400,

3 3 1
=% — 2+ 2 4 Ze(a).
f(z) x 2+2w+x6(x)
3. . . P
y=2r— 5 18 then the equation of the oblique asymptote to the infinite
branch (+00) of the representative curve of the function f. Moreover,

f(x) —y ~ — > 0 so there the curve is above its asymptote.
+oo 2

2z+1)+1

Evaluati fI(x): I(x) = d
valuation of I(z) (x) /w2+x+1 x
/ 2z 41 d +/ dx
= | m et T
ztz+l (w—k%) +%
2 20 +1
Thus, I(z)=In(z?+ z+ 1) + —= arctan <7>+c, where ¢ € R.
(@) = n )+ —
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Evaluation of J(z) : To integrate by parts, set

du — 2rdr
u = In(1 + z?) L T
=
dv = 22dzx v — x_3
= 5

Hence it yields,

3 rt
J(J;):uv—/vdu:§ln( + %) — 3] T2
Since, x—4 =z — , then / 5 do = —3 —x+arctan z + cq,
where gl—le[z 1+a b
Then : J(x) = %3111(1 + 2?) — %x?» + 2; - garctanm + co, where ¢ € R.

Evaluation of K(x) : We have K(z) = In(e” + e™) + ¢, where ¢ € R.

Exercise 3
. 1 1 11+t 1
1 I(t)z/(l +t2) dt—§1 ll_t‘—;—l—c,whereceR.
2° Settingt:sine, then

0= [ 50 :/( cosfdd .

cos? 0 sin? 0 1 — sin? 0) sin? 0 -

1 1-+sind 1
Th _ 1 _
us, JO) =g G T

3° Put 2 = tan 6 (more precisely § = arctan x with 6 €] — 3, 5[). Then,

/\/1+tan dé _/ de — J(6)
tan?6 cos?2f J cosfsin?f ’
Remark : We may integrate by parts, setting
rdx
u = vV1+ 22 du = ——;
V1422
dx = 1
dv = 3 v = ——.
r x
Then, we have
~V1+a? V1422
J(z) = / ——+In(z+vVz2+1)+c
@ ire = )
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Exercise 4

1° The domain D is represented by | Changing the order of integra-

the following figure. tion, the integral I is written as
Y 2 1 x?
A= / dﬂc/ sin(z3) dy
1 0 0
1 (3)] 1
= / 22 sin(2?) de = _cos(a”)
Jo 3 0
= (- cos1)
o = 3 cosl).

2° (a) The domain D is represented by the following figure.

x? Yy

_z _ 2
Y=79 \ 3 [y ==

| |
| |
| |
| D, (0.7 !
| |
d

I
(0]
—33 V3 z

Changing the order of integration, the integral B is written as

0 3 V3 3
B:/ d/ , d+/ d/ ,y) dy.
s x%f(x ydy+ | dz | flz,y)dy

(b) In polar coordinates, D is partitioned in the following manner

(—3v/3,3)

By means of polar coordinates,the integral B is written as

sin

™ ] 5m =S
B :/3d0/c°52ef(rcosﬂ,rsinB)rdr+ / GdO/SI 9f(rcos€,rsin0)rdr
(i 0 z 0

9sin @

+/5 dO/msQef(r cos 6, rsin @)rdr.
5= Jo
6
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LEBANESE UNIVERSITY Date: 25 Feb. 2009
Faculty of Sciences (I)

Final Exam Math171 Duration: 2 hours

ANSWER PAGE 81

Exercise 1 [12 pts]
1° Give the f.e. of order 3 of \/1 + sin z near 0.
2° Let f be the function defined over R by f(x) = eVItsinz,
(a) Give the f.e. of f to order 3, in neighborhood of x = 0.
(b) Find f'(0).
(c) Determine the equation of the tangent (7) to the representative

curve (C) of f, at the point of abscissa # = 0, and precise the
relative position of (C') and (7") in neighborhood of 0.

Exercise 2 [8 pts]
Find the equation of the oblique asymptote (T') at +00, to the representative
curve (C) of the function

x— f(x) = et V(e +2),

and study the position of (C') with respect to (") at +oc.

Exercise 3 [12 pts]
Solve the following differential equations :

1° o =22 1, with y(1) = 0.
X

2° y — 4y +4y = (x+ 1)e "

Exercise 4 [14 pts]
Calculate the following integrals :

dx
10 1@ = [ .
(=) V—dx? +4x+ 3

o dz
2 J@) _/(1 + tan §) sinz

3 K(x) = /x sin x

3 dx.
cos? x
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Exercise 5 [10 pts]

I = / de’/ ’ x, dy.
-1 Vi—z2 ( y) Y

1° Sketch the domain of integration of I.

2° Rewrite the expression of I by reversing the order of integration.

Exercise 6 [14 pts]

Let -
I = ——dxd
//D 2

where D is the plane region bounded by the curves whose equations are :
y=+z,y=0and x =3.
1° Sketch D.

2° Using polar coordinates, calculate I.
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LU Sciences (I) . Calculus
Year 2008-2009 SOlutlon Math171
Exercise 1
3
1° Near 0, and up to order 3, we have sinxz = 2 — 2—' + 23¢(z). Thus,
V1i4sinz = (1+ u)% + a3e(x)
1(1 1(1 1
SRR TCEn YT IR W
= 1—|—§u—|— 51 u” + By u? + xve(x)
3
with > wu=x-— T ;
6
23\’
> u?= (m— F) = 2% + 23¢();
3 3
3 z 3. .3
> u = (m—€> = z° + z’e(x).
: : : A A
Which finally gives : /1 +sinz =1+ T + z°e(z).

2° (a) In neighborhood of 0, and to order 3, we have

flz)=exe?
with >
> u?=
>l =

Then, f(z)=e <

2,3
8§ B/ 4 xc
2 4P
8 487
x .1'3
2 48
x .1'3
2 48

142 -5

0

2

3
16

3

21 3!

2
U u
3 (m):e<1+u—l——+—

) + 2% (x)

2 2 3
) = —%+m35(m);

r

4

3 3
) = % + z3¢(x).

+ 23¢(x) with lim e(z) = 0.

xz—0

(b) From the the f.e. of f(x) in neighborhood of 0, f/(0)

(&

5"

e
(c) y=e+ 3% is the equation of the tangent to the representative

e
curve of f at x = 0. Moreover, since f(x) —y ~ ——=x

then we conclude that :

» (C) is below (T) if z — 04 ;
» (C) is above (T') if z — 0_.

81
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Exercise 2

Put z =

(r = 400 <t — 04). Then,

(1) = T ey () =i

In neighborhood of 0, and up to order 2,

1 t2 t2
tf <;> = <1~|—t~l—§> X <1+t—§> +t%e(t) = 1 + 2t + 2 + t2e(t).

S

1 1
Thus, f(z) =2+ 2+ — 4+ —¢(z) with lim e(z) =0.
X x T—+00
Then y = 2+ 2 is the equation of the asymptote to the infinite branch (4o00)

of the representative curve of f. In addition, as z — +oo, f(z) —y~ — >0
T

and the curve is above its asymptote.

Exercise 3

1° The differential equation (Ey) : ¢y = 0¥ + 1 can be considered as a
x
linear differential equation of first order (or as a homogeneous one.)

Seeking the general solution of (E;) in the form : y = u(z) x v(x).
Then, vy = v/v + v'u. Hence,

y’:2g+1$u/v+vlu:2ﬂ—l—l = u/v—{—u[v/—QE} =1.
T T T

/

v v
Choosing v such that v'—2— = 0, set — = —. We find, by integration,
x v

2

x

In |v| = 2In |z| + cnst. Then we may set v(x) = z2.
1

For the chosen v, we have u'v = 1, so u' = —, hence u(z) = —~ +k
x x

where k € R. The general solution of (E;) is : y(z) = uv = —x + k2.

On the other hand, y = 0 for x = 1, then, 0 = —1+k so k£ = 1. Thus
the solution of (E;) verifying y(1) = 0is y = —z + 22

Remark : We may seek the general solution of (E7) by setting z = 2
x

Then, y = xz, hence y = x2’ + 2. The equation (E;) becomes

, 2 1
rz =z+1 = = —.
1+ 2 T

By integration, we obtain In|1 + z| = In |z| + k1, which is equivalent
o1+ 2 = kox where ko is a real constant. The condition y(1) = 0
x

permits finding ks = 1, and consequently, y = —x + 2.
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2° The solution of (F2) : y’ — 4y’ + 4y = (z + 1)e™* is of the form
Yy = Yy, + Yy, where, y,, is the general solution of the homogeneous
equation, and y, is a particular solution of the complete equation.

Evaluation of y,, The characteristic equation is r?—4r+4 = 0. Thus,
Y, = (c1 + cow) %2,

Evaluation of y,, Seeking y, in the form y, = (ax + b)e™*. Thus,
Yy = (—ax+a—>b)e ™ and y’ = (ax — 2a + b)e”*. By substitution, it
is found that

(ax —2a+b)e ™™ —4(—ax+a—ble ™ +4(ax +b)e ™ = (x+1)e ®, VzeR,

S0
9ax —6a+9b=x+ 1.

1 )
And by identification a = 9 and b = o7 1
The general solution is then, y(z) = (¢ + cax) €2* + 9 <:E + g) e .
Exercise 4
2) _/ dz _ 1l d@z-1) larcsm 2z — 1 Tk
Vi@ o1? 2) JI-(@2x-12 2 2 ’
where k € ]R
1
2° Set t = tan — 5 it gives dt = 2(1 + t?)dx. Then
2dt
112
J= / Lt —/ ! dt:/(l—i>dt.
t(1+t) t 14t
1 + t2
It implies that J(z) =In | — o2 _| | £ where k € R
implies that J(x) = - where

3° In order to integrate by parts, we set

U= du = da;
sin x = 1
dv = 227 4 -
v cos3 x v v 2cos? x
Then we get
K(z) = w— [vdu=
(z) b /U “= 2cos2 2 COS2
x

1
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Exercise 5

1° The domain D is represented by the following figure.

)
3
D3
Rl

. I
| 8
I D, 3 D,

Y
8 % %\

P VAR
> ! ® V3 Vy\ !
2 T I <9

rx=—1

x I= 1
2° We can write D = Dy U Dy U D3, where the sub-domains Dy, Dy and
D3 are defined by

V3<y<2
Dli

D, VBSy<2 p..l2<
1<z < —/4—y? Pl VA2 <<t ’

By reversing the order of integration, I is rewritten as

IN

2 -4y 2
I= d/ ,y)d /d
/\/5 v/, f(=z,y) m+l¢§y

1 3 1
/@f(w,y)dwf/z dy/ilf(w,y)dw
Exercise 6

1° The domain D is represented by the y 8
adjacent figure : (D = D; U Dy) \\/§ o%% g
2° D = D1UDqy where the sub-domains =~~~ 7" o !
Dy and Dy are defined by means of
polar coordinates as

0<9< G0<3
Dli 3 DQZ
0<r< 0 g

cos

sin? 3 x
Then integral [ is calculated
% LB % . ?0528
I = / dG/cos cosOdr+/ d0/sm ° cos @dr

JO JO o % JO

'S "3 2 ™ 5 Ly
= 3/ d0—|—/ cot?0d0 = — + [—cot 6 — 0]2 = — + V3.

0 5 2 3 6




LEBANESE UNIVERSITY Date: 18 February 2010
Faculty of Sciences (I)

Final Exam Math171 Duration: 2 hours

ANSWER PAGE 87

Exercise 1 [13 pts]

1° Give the finite expansions of order n, in neighborhood of 0, of the
following functions :

V1i+t, n=2 In(1+1t), n=4; arcsint, n=2.

arcsin(l — /1 + 22) — e t2?(1 + y:)%
x—1In(1+ x) '

2° Let f(x) =

(a) Find the equation of the tangent (T') to the curve (C'), represen-
ting the extension function of f at the point of abscissa = = 0.

(b) Determine the relative positions of the tangent (7') and the curve
(C) in neighborhood of z = 0.

Exercise 2 [8 pts]

1
Let f(x) = (2% + = + a) arctan (—) where a is a real parameter.
x

1° Give the finite expansion of order 4 of arctan(t) in neighborhood of 0.

2° Determine the equation of the oblique asymptote (T") to the repre-
sentative curve (C) of f, at 400

3° Study, according to the values of a, the relative positions of (7") and
(C) at +oo.

Exercise 3 [10 pts]
Solve the following differential equations :

1°y —ytanz = —5—.
cos? x

2° " — 6y’ + 9y = (6x — 2)e>".
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Exercise 4 [12 pts]
Calculate the following integrals :

1° / cos z arctan (sin x) dx.

2° / (L Then deduce, / dz

1+ t2)t2 cosh zsinh? 2~
Exercise 5 [15 pts]
1 1 3 Y
1° Evaluate [ = / dy/ ye® dzx. y=x2-2
0 y
2° Let]z//f(x,y)d:cdy, where D y=%
D
is the domain shown in the adja- y=1z
cent figure, and defined by : 2¢--——-—-——-
|
2 [
y2x2_27 y§77 yéx :
-1 4 !
Using cartesian coordinates, ex- T 5 o
press I in two different forms, each |
as an iterated succession of two
simple integrals.
Exercise 6 —2 [12 pts]

Given D the domain of R?, defined by :

vP>a, 22 +y2—2y<0 and 2?2 +y*+22>0.

1° Sketch D.

2° Using polar coordinates, calculate the area of D.

86



LU Sciences (I) Calculus

Year 2009-2010 SOlutlon Math171

Exercise 1

t ¢
1° > \/1~|—t:1+——§—|—t25(7§);
2
In(l+t)=t— =+ - —— +tle

> In(1+t) st3 -7t (t);

> arcsin(t) =t + t%(t).
2° The first term of the f.e. of the denominator x — In(1 + ) of f(x) is

2
LA simplification by z2, should be performed.

To expand f(x) to order 2, it is necessary to give the f.e. of each usual

function to order 4;

2

T 1’3 4

X

1 -—r - — 1 _ 4 .
> In(l+z) =2 2+3 4+x5(w),
> To order 2 : (l—i—x)% e 1__+3 + 22e(z)
z 1lz 9
= <1—§+7>+1‘ E(.%‘)

> For expanding g(z) = arcsin(1 — v/1 + z2) to order 4, we expand
g'(z) to order 3. Since,

p x
g(x)=— -
\/1—1—962\/2\/1—1—952—1—3:2
. 1
It suffices to give the f.e. of to order 2;
¢1+mﬂhvl+x2—1—m2
1 z?
> =1 "+
1 1
+ 2%e(x
¢%ﬂ+ﬂﬁfl—x2 V2(1+22/2) -1 - a? (@)

= 1+ 2%().
2 x
Thus, ¢'(z) = -z [1— 5 |t we(x) = —x + 5t r3e(x). And
by integration we get

3:2 334 2 4

g(r) = g(0) — 5 + g + 2le(x) = 5 + 3 + zte(2).

87



(a) The equation of (T) is: y = —3 — x.

LE2

(b) f(z)—vy i 0, hence (C) is above (T) in neighborhood 0.

Exercise 2

3

t
1° arctan(t) =t — 3 + tte(t).

1
2° Set z = n (x = 400 < t — 04). In neighborhood of ¢ = 0, and up

to order 3, we have
1 1 9
tf 7= Z(l +t + at”) arctan(t)
2
= (1+t+at? (1 - §> + t32(t)
= 1+t+ (a— 1>t2— i—kt?’a(t)
= 3 3 :

It follows that,

f(:n)z:v—l—l—l—(a—l)l—i—l—%e(x).

3)x 322 =z

The equation of the asymptote to the curve of f, at 400, is:y = x+1.

1 1\ 1
3 > Ifa> g;f(:n)—er: (a——)— > 0, then (C) is above the

3/ x
asymptote.
Ifa< s 1YL 0, then (©) is below th
> a<§7f(fﬂ)—y+—oo a-3 5<, en (C) is below the
asymptote.
1
> Ifa = 3 flx)—y = ~3.2 < 0, then (C) is below the asymptote.
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Exercise 3

1° ¢y —ytanx = is a linear differential equation of first order.

cos? x
Seeking y in the form y = uv. The considered differential equation is
written as
, [ , sin x } 1
uUv—+ |v —v =—.
coS T cos? x
We choose the function v such that
sin x dv sinz 1
v —v =0 so, — = dr hence v = .
cos T v cos T cos T
: !/ !/ 1
Since u'v = ——— thus, v’ = . Therefore,
cos’ x cos T
dx d(sinz 1. 1+sinx
uy= [T = (AR 1y, Ty
CcoS T 1—sinx 2 1-—sinx

1 1+sinx k
= In - + .
2cosx 1 —sinz cosz
2° We seek the general solution y(z) of y” — 6y’ + 9y = (62 — 2)e3® in
the form y(z) =y, (x) + yp(x), where

where k£ € R. It follows that y(z)

>> vy, is the general solution of the homogeneous equation
y" — 6y’ +9y = 0.
> ¥y, is a particular solution of
y' — 6y + 9y = (62 — 2)e3”.
e Evaluation of y,, : The associated characteristic equation is

r?—6r+9=0 (©)

which admits a double roots r1 = 13 = 3. Then, y,, = (c; + caz) 3.

e Evaluation of y, : f(z) = (6z — 2)e3® = P (r)e“. Since o = 3
is a double root of (C'), we seek a particular solution y, in the
form y,(z) = 2%(a + bx)e3®. It is found that a = —1 and b = 1.

The general solution of the considered differential equation is
y(x) =y, (z) + yp(z) = (c1 + o) e 4 (x — 1)372639”.
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Exercise 4

1° Calculation of I = / cos x arctan(sin x) dx. Integrate I by parts
by setting :

u = arctan(sinz) and dv = coszdx

then,

CcoS X .
du = 7dx and v =sinz.
1+ sin?z

Then we obtain, I = sinzarctan(sinz) — w
1+ sin“x
sin x cos xdx
1+ sin?zx
> First idea : Set ¢t = sinz. Thus,

Calculation of J = /

tdt 1 1
=112 "2 In(1+¢*)+cnst = 5 In(1+sin? z) + cnst.

sin(2z) dx
3 — cos(2x)

o 1 1 1 1
2 I:/mdt:/(ﬁ_m) dt:—;—arctant—i— cnst.

coshzdz dt
oy = [T e =[S
(@) cosh?zsinh?z  t=smhe ) 2 (1+41¢2)

= I(t) = I(sinhz) = —

1
> Second idea : J = / =3 In(3 — cos(2x))+cnst.

— arctan(sinh =) 4 cnst.

sinh x
Exercise 5
1° The change of order of integration Y y==
enables the calculation of the double /
1 1 3 l1e—————————
integral I = / dy/ ye® dz. Hol- $
0 Yy 4
ding z fixed (vertically), D is defi- 3
ned by :
0<z<1 @
D:
O<y<z o Pl 1 T

L s z 1, s 1
Thus,I:/e dx/ydy:—/xe de ==(e—1).
0 0 2Jo 6
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2° D = D1 U Dy U D3, where Yy

—2<y<-1
> Dy
—Vy+2<2<\y+2

-1<y<0
> Dy
y<z<+y-+2

o viT?r Kl
U NN AN
NEY
Th >
us, )
-1 Vy+2 0 y+2
1= [ a7 eyt [dy [T fayd
-2 —Vy+2 - y
2 Vy+2
+ / dy f(z,y)dz
0 V2y
Y Yy = x? — 2
Or equivalently, y = x2/2
D = Ay U Ag, where y==
2¢-——————-

o

AN

8

A

[\V]

———9
N ——————

2 Qe @)

Thus, _9

2

0 x 2 =
I:/ dx/ f(:n,y)dy+/ d$/2 f(z,y)dy.

-1 x2-2 0 x2-2
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Exercise 6

1° Graphical representation of the domain D ;

2° In polar coordinates D = D U Dy, where Y

T T
<h< =
4 -2

> Dy S
cosf << 9sind 3
sin?§ — Wy

&

Top< 3 ~ !

> D2 : 2 4 20059
—2cosf <r < 2sinf 1

» I

> Iy

Thus,

Yy

(_15 1)

r = 2sin0

cos@
sin’

Area(D) = // dedy = // rdrdf
D D1UD,

= // rdrd9+// rdrdf = I + Is.
D1 D2

z 2sin 0 1 z 2
=/2d0 rdr:—/2< 29_(30849)(10
1 cosb 2)z sin* ¢

4 sin2 6 4
1 1 2 1
=3 [29 — sin(260) + gcoﬁeE = % +3
2sin 6 BTﬂ
= / d9/ rdr = / 4 (sin2 0 — cos? 9) do
2cosf %
°x 3m
= —/ 2cos(20)df = [Slﬂ(?@)}: 1.
3 3
T 4
A D)= — 1+ —.
rea(D) 1 + 3

- —
8
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LEBANESE UNIVERSITY Date: 17 February 2011
Faculty of Sciences (I)

Final Exam Math171 Duration: 2 hours

ANSWER PAGE 96

Exercise 1 [9 pts]
Let a be a real parameter, and consider

f(x) = Vax + 22 + 3.

1° Set z = % Find the finite expansion of order 3 of tf <%) in neigh-
borhood of ¢ = 0.

2° Deduce the equation of the asymptote (D) to the representative curve
(C) of f, at +oo.

3° Discuss according to the values of « the relative positions of (C') and
(D), at +o0.

Exercise 2 [12 pts]

1° Give the finite expansions of order 2 in neighborhood of & = 0, of the
following functions :

f(x) = cos <x_€2> , g(z) =sin(ax), a€R;
h(z) =1In <e+2x+¥> ,  m(z) =3+ h(z).

tant
arctan . Deduce the

2° Give the finite expansions near 0, to order 2, of
e T
f.e. of n(x) = — arctan — near 0, to order 2.
x e

3° Determine a such that the function

m(x) — 3n(x) + f(z) — g()
22

Fx) =

admits a finite limit as z tends to 0. What is then this limit ?
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Exercise 3 [8 pts]

o x+4
1° Calculate I = /m dz.
2° (a) Determine the real constants A, B and C' such that
1 A Bt+C

G+O0+0 1+t 11
(b) Calculate

1 sinz dx
= | ——————dt d K=
/(1+t2)(1+t) A /1+0082 J(1+cosz)

sin x

(c) Calculate L = /arctan(cos w)m €

Exercise 4 [8 pts]

1° Calculate
/ nd / tan x
———— an
t(1+41) 1+ cos :z:

2° Determine the solution of

, sinx
—y=tanz
1+cosz

that satisfies y(0) = 2In2.

Exercise 5 [7 pts]

Solve the following differential equation : y” + 3y’ = 3 + e~32.

Exercise 6 [13 pts]
Consider the shaded domain D of figure 1, defined by :

Dz{(w,y)€R2; 0<y<1, y2§w§\/4—y2}-

Let f be an integrable function of two va- y
riables z and y, over D.

1° Using polar coordinates, write
down the expression of the double

integral
Iz//f(l‘,y)dﬂcdy
D
2° Using polar coordinates, calculate (0] 2 T

the area of D. Figure 1.
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Exercise 7 [13 pts]

Choose and then treat one of the two following
questions :

Question 1 :
Consider the domain D of R?,

Y
V2
shaded in figure 2, and defined (-1,1) /\ (1,1)

by :
y <1, 3 V2

Do 22 442 <2, N o ) T
> _33_2 + 1 ><&9\\ \\\ 2
Yy = 1 9 2 Y\e
X 0
Let f be an integrable func- Figure 2. <
tion of two variables x and y,
over D.

Using cartesian coordinates, write down the double integral

I://Df(x,y)d:cdy

in two different forms, each as an iterated succession of two simple integrals.

Question 2 :
Consider the shaded domain D of figure 3, defined by :

D={(z,y) €R?; y>0, -2<2 <2, 2? +12 <8, 2 +y* > 20, 2® +¢* > ~2}.

Let f be a function of two variables  and y, that is integrable on D.

Using cartesian coordinates, Y
write down the following double
integral :

1= [[ 1.y dedy

in two different

forms, each as an :

iterated succession of : )| 3

two simple integrals. —2v/2 -2 -1 O
Figure 3.

- — —

2 2v2 ©
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Year 2010-2011 SOlutlon Math171

Exercise 1

1° First of all we have
1 ) 1
tf (;) =V1+t+at2= (1+t+at2)" :

Expanding in neighborhood of t = 0 to order 3,

()

(1+u)3

= 1+%u+@u2+ é(%_1:2!(%_2)u3+t3€(t>

with,

> u=t+at?;

> u? = (t+ at?)? =12 4+ 2at® + 3e(t) ;
> ud = (t+ at?)? = 3 4 t3e(t).

Nt , 1 s
Hence,tf(t)—1+3+9(3a 1)t +81(5 18a)t® + t°e(t).

2° At 400, we have

1 1 1 1
flx)=z+ 3 + (3 )Qw + (5 8a)81x2 + w2€(l’)

with, lim e(x) = 0.

T—+00

1
Then, the equation of the asymptote (D) is: y =z + 3

1 1
3° > When o # 3 f(x)—y+: (304—1)9—. Then,

o) xr

1
» (C) is above (D) for a > 3
» (C) is below (D) for a < %

< 0, then (C) is below its

1 1
> When o = g;f(x)—er:oo )

asymptote (D) at +o0.
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Exercise 2

1° In neighborhood of x = 0, and to order 2,we have
/2 z? 9
o f(z)=cos <T> =1- = + z%e(x).
e g(z) = sin(az) = azx + z%c(x).

2 2 22
e h(z) = In 6—|—2:L‘+2i —lne+In 1+_w+i

i) : + 22¢(x)

2
e m(z)=+/3+h(x) = 4+§+m25(m):2(1+26

= 2+———€—|—x e(x).
2° In neighborhood of t = 0, and to order 2, we have

1
1+ t2

arctan’(t) = =1—1*+t%(t).

Integrating,

43
arctant = arctan 0 + ¢ — 3 + t3e(t).
It follows that
1 ¢
7 arctant =1 — 3 + t%(t).

22
Thus, n(z) =1 — — + 22%¢(x).

3e?
o _ m(z) —3n(x) + f(x) —g(x) _ <1 ) 11
3 Fla) = z? “\2e 7Yz 162 " ele)
1 . 1
For a = 35 Ve have glcn_g)F(:U) =" Te2
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Exercise 3

10

2° (a) (

Exercise 4

10

20

(c) Integrating by parts with u = arctan z and dv =

7= / 20+ 8 / 2z + 2 +3/ d(z+1)
2 w2+2x—|—5 T2/ 2Pt 22+5 (z+1)2 422
3 1
= 21 n(z? 42z +5) + §arctanx+ + cnst.
1 1 1-t¢

21 18) 200+ Ty
VE R W ra——— _ 2
/(1+t2 1—|—t) [ln\1+t| + arctan t ln(1+t )} + cnst.

. dt
Wlth t= COoS T, K= —/m = —J(t) = —J(COS$).

sin z dx
—— we
(14 cosx)?
obtain

arctan cos x sinx
L:uv—/vduzi—i—/ dx
1+ coszx (14 cos?z)(1 + cosx)

arctan(cos x)

= ST K (),

1+ cosx

dt ¢
= [—  —m £
®) /t(1+t) ’1+t‘+cns

tanzdr —d(cos )
1+cosa /cosx(1+cosm) coS T
It is the case of a linear differential equation of first order. Seeking
y in the form of y = uv. Thus the considered differential equation is
rewritten as

14 cosx

+ cnst.

—I(cosz) =In

J(z) =

, , sinx
uv+u|v +-———v| =tanz.
1+ cosx
Choosing the function v such that
sin x dv sinx
vV —" v=0=>—=——"_dr=v=1+cosx.
1+ cosx ) 1+ cosx
tan x
Since u'v = tan x hence, v’ = ———. From question 1° :
1+ cosx
1+ cosx
u(z) =In|——| +c¢
COS T

where ¢ € R. It follows that y(x) = (ln }Hﬂ
cos

On the other hand y(0) = 2In2 gives ¢ = 0.

—I—C) (1 + cosx).

98



Exercise 5
We seek the general solution y(x) of y” 4+ 3y’ = 3 4+ e73% in the form
Y(2) = Y (€) + Yp, (2) + yp, (2), where

> y,, is the general solution of the homogeneous equation y” + 3y’ = 0;

> yp, is a particular solution of y” + 3y’ = 3;

> yp, is a particular solution of y” + 3y’ = e~3%.

e Calculation of y,, : The associated characteristic equation is written as

2 +3r=0; ()

which admits two roots r; = 0 and ro = —3. Hence, y,, = ¢ + e 3T,
e Calculation of y,, : fi(z) = 3 = Pye®”. Since a = 0 is a simple
root of (C), then yp, () = ax. We find a = 1.
e Calculation of y,, : fo(x) = e 3% = Pye™®. Since a = —3 is a simple
1
root of (C), then y,,(z) = are™3*. We find a = -3
The general solution of the given differential equation is,
1 390.

Y(@) =y (@) + Yp, (%) + ypo () = €1 + coe 3T 4 — gxe_

Exercise 6

1° D = Dy U Dy U D3, where

D31

Thus,

T 2 ™ 1
I= /Gdﬁ/ f(Tcosﬁ,rsinﬁ)rdr+/4d9/5m0f(r0030,rsin@)rdr
0 0 z 0

cos 0

+ /5 d9/smzef(rcos@,rsin@)rdr.
z 0
4
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2° Area(D) = / d9/ Tdr+/zd9/blrlgrdr+/ dﬂ/m &

Exercise 7

Question 1 :
» By holding = fixed (vertically) in the first iterative step;

[y=m]
[y=m]

Y (e )
a <
— L
+ +
N I
NH NH
| |
Il Il
> >
Therefore,
D = D1 U Dy U D3, where
—V2<r <1 —l=z=<l
D, 2 Dy 2 9
—w—+—§y§\/2—x2 —x—+—§y§1
4 2 4 2
1<z<V2
and Ds 22 1
—g Tty Sysv2-a?



» Now by holding y fixed (horizontally) in the first iteration ;
D = D1 U Dy U D3, where

1
0<y<

Dy : 2
—V2—yP<a< -2y

Question 2 :
» First, fix « (vertically) ;

D =D, UD5, where

—2<z<0
Dli
V=2r—22<y<V8—a2

0<x<2
DQZ
V2r —a?2 <y<+8—22

» First, fixing y (horizontally) ;
D=DiUDyUD3UDyU Ds,

Dy
where 2
0<y<i
1:
0<y<1
D2 S D, : Dl : D
| |
0<y | |
Ds: ¢ ¢
1+ V/1-y2<a<1—1—y2 -2 -1 O' 1 2
b 1<y<2 b 2<y<2v2
Tl —2<a<o ) VAo <a< B

Note : Writing down the double integrals, in details, in questions 1 and 2
is left to the student as an exercise.
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LEBANESE UNIVERSITY Date: 5 March 2012
Faculty of Sciences (I)

Final Exam Mathl71 Duration: 2 hours

ANSWER PAGE 105

Exercise 1 [12 points]
1 -2z 1
el-z.
1+
1° Give the finite expansion of f(z) to order 2 in neighborhood of x = 0.

2° Show that f(x) could be extended by continuity to z = 0. Let g be
its extension.

Let f(z) = (1+ 21:)@ —

3° Determine the equation of the tangent (A) to the curve (C) of g at 0.
Precise the relative position of (A) and (C) near x = 0.

Exercise 2 [8 points]

Let f(:C) =Vi+ax3+vVa+az+ 22, where a € R. Our aim is to de-

termine the asymptote and its position relative to the curve of f at —oc.

Sett:; (x = —00 <= t—0_).

1
1° Give the finite expansion of tf (;) to order 3 in neighborhood of
t=0.

2° Determine the equation of the asymptote (A) to the curve (C) of f.
Precise the position of (A) relative to (C') in neighborhood of —oo,
according to the values of a.

Exercise 3 [5 points]
Let f and ¢ be two functions from R to R defined by :

1 1
 14er’

f(x)

1 1
ConsiderI:/ f(z)dz and J:/ g(x)dz.
0 0

1° Calculate f(z)+ g(x), and deduce I + J (without their calculation).
2° Calculate J and then deduce I.
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Exercise 4 [6 points]

1° Evaluate I = /L
34+ 5cosx

2° Evaluate J = /(ln x)?da.

Exercise 5 [6 points]

1° Determine the real numbers a, b and ¢ such that :

1 _a n bt + ¢
(L4+8)(1+t2) 1+t 142
1 dt
Calculate : I :/ —_
o (14+6)(1+ t2)
1
92° Calculate J = [ —— dz, setting ¢t = tan x.
o 1+tanx
1 1 — si
3° Verify that : —— = — [1 + w .
1+tanz 2 cos T + sinx
Deduce J.
Exercise 6 [10 points]

Consider the shaded domain D of the plane R? (see figure 1). Write, in two
different forms, the double integral

1= [[ 1) dedy

as a succession of two iterated simple integrals by using cartesian coordi-
nates. y

V2

&2

W=
4

(—1,—1)\

FIGURE 1. )
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Exercise 7 [15 points]

1° Consider the shaded domain D, shown in figure 2, defined by :

D={(z,y) €R? : 0<y<2, 2*+42<8 a?+y? > 2, 2? +y* > 21}
Yy

2v/2

Can /L2\

(2,2)

_2v2 -2 -1 Ol
FIGURE 2.

Write, in two different forms, the double integral I = / / f(z,y)dzdy,
D

as a succession of two iterated simple integrals by using cartesian co-

ordinates.
90 Y 23
Using polar coordinates, cal-
culate the area of the shaded
domain A of the plane R2. o~ 2 (2,2)
2 (&)
=)
S |
R |
d & 8
(0 1 2 22 z
Exercise 8 [8 points]
1 1 x
1° Verify that ——~ = —— )
(a) Verify tha TG T) w+x2—1

(b) Solve the differential equation : z(x? — 1)y’ + 2y = 3.
2° Solve : v/ + Jryy = v.
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Year 2011-2012 SOlutlon Math171

Exercise 1

1° In the neighborhood of z = 0 we have :

In(1 4 2x) = 22 — 22% + gx?’ + 23e(x)

and
ey
In(1+2 T T T 3
n( .—|- ) _ 23 +2%e(x) = 1 — x + —2? + 2%¢().
sin x 1 x” 2
6
Thus
1+ 23:)ﬁ = ) —ex emTHEe? 4 r2e(x)

= e(1—z+ 22?) + 2%(x).

On the other hand,

1-2
i ;eﬁ = (1-22)2(1 + 2) " 2elto+e” 4 g2¢(y)
1 r 3 3
= l—z—222)(1-2 _2><1 _2) 2
e><( T 2m>( 2+8m +ZZI-|—2£L’ + z%(x)
1
= ¢ (1 - ot gﬁ) + 2%e().
Therefore,
1
f(z)=ex (—E + —3w2> + 2%e(z).
2 8
2° We have lin%) f(z) = 0. Hence f is extendable by continuity to = = 0.
z—
3 y= —gx.

13e
Since g(z) —y =~ ?xz > 0 it results that the curve of g is situated

above the tangent near x = 0.
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Exercise 2

1° In neighborhood of t = 0_ and up to order 3 :

1 acl L t 1/1 1/13
tf(=)=0Q+t)s —(1+t+at®)z=—4=(=-—a)t? < >t3 t3e
f(t) (L4638 — (14t +a?)} 2+2<4 a) w1 (T ta) 4 ee).

o 1 1/1 1 13 1 1
2 Wehave:f(a:):—§—|—§<1— )%4—(12—1—&)4—#—1—96(1‘).

1
The equation of the asymptote is y = —5

1 1
o Ifa=—, f(r)—y ~ —= > 0, then the curve of f is above the
4 —oo 312
asymptote at —oo

1 1/1 1 .
o Ifa < T f(m)—y__oo 3 (Z—a> % < 0, then the curve of f is
below the asymptote at —oo

1 1/1 1
o Ifa > T f(x)—y_%o 3 (Z—a) % > 0, then the curve of f is
above the asymptote at —oo

Exercise 3

o 1 1 1 e’

1
Consequently, I + J = / dr = 1.
0

o e’dx 1 e+1 2e
2° J= 01+€x:[ln(ex+1)]0:1n 5 .ThenIzl—J:1n6+1.
Exercise 4
T t
1° Let t = tan —. So dx =
2 1+ 2
2+t
I_/4—t2:_ ‘24—_75‘4_0 Wheret:tangandce]l%.

2° Integrating by parts, where u = (Inz)? and dv = dz, we get :

J = /(lnx)2d$ = z(lnz)? — 2/1n:nd:n

If integrating by parts, once more, we obtain :
J = /(ln z)?dz = z(Inz)? — 2zlnx + 2 + cnst.
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Exercise 5

1° Reducing to the same denominator :

(bt +c)(1+t)+a(l+t3) (a+b)t2+(b+c)t+c+a

(1+t)(1+2) N (1+t)(1+¢2)

Hence the following system should be solved :

1
a= -
a+b= 0 21
b+c =0 — b = —=
+a=1 2
¢ = 1
c = -
2

Now simply we calculate the integral :

/1 dt —1/1(1+ 1 t)dt
o T4+t +t2) 2Jo \1+¢ 1482 1+¢2)

1
— dt =[In(1 + ]} =1n2.
o [ dt=n+0)=1n

[ gt = farctan(o)y =
° —— dt = [arctan = —.
0 1+1¢2 07 4
L 1/t 2tde 1 1 In2
— dt==| —— =—-|In(1+#*)| =—.
'/01+t2 2)o 1422 3 I+ )] =
Finally, as the integral of a sum is the sum of integrals, we get :

/1 dt 1<1 2+7T ln2) ln2+7r
— =" In ) === 4.
o T+ D1 +8) 2 1 2 13

2° t =tanz = x = arctant = dx = Hence

t
14 ¢2

/ dx _/1 dt _7r+ln2
o I+tanz Jo A+t)(1+1¢2) 8 4 °

k]

3° We have
COS T lcosz +sinx +cosx —sinz 1 1 cosx —sinx
cosx +sinz 2 cosx +sinx 2 cosx +sinx |’

8 4

1 1 In 2
" J:—[x+ln|cosx+sinx\]4 T, 2
2 0
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Exercise 6
‘ First method

D = D1 U Dy, where

1
-1<y<0 0<y<g
D-{ i —7o
—V2—y?<ax<2—y? —/2 y<z <24y

I = /‘d/ )d /%d/ﬁk%ﬂ )d
+ : :
Y V2—y2 f@.y)dz 0 y—@ He

‘ Second method ‘

D = D; U Dy U D3, where y
-V2<z< -1
Dl' 2 l
VIT@sy<-T 4l 2 a2
4 2 >?/ Y
A

—-1<z<1
D21 1 < < 1‘2+1 . D_l 1D
—-1<zg<—— — 1 D 3
4 2 /H <
|
1<e<V2 b
Ds : 2 L -1
VaPsa< Tl
Therefore

N)I»—A

L
4

N|,_‘

I_ Z_l
= [ i [ e [P
Vi
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Exercise 7
1° First method Yy

/ I

We may write : D = Dy U Dy U D3 U Dy where

0<y<1 0<y<l1
Dy : Dy :

/8-y << —1—+/1—9y2 14+ V1I-9y2<z<1—1—92

0<y<1 1<y<2
D3 : Dy :
lievic@<a< By V8 -y <a <8 —y?

Then, I = / dy/mi f(=, y)dﬂc—l—/ dy/l\/_f(:r y)dz

+/ dy/ f(x y)da"—i—/ dy/ f(x,y)dx.

Second method

D,

¢ — -

et @ — —
[
[ M)
N
8

2y —2 -1 O
We may write : D = Dy U Dy U D3 U Dy with

—2V2 <z < -2 —2<y<0
Dy : D> :

0<y<+V8—x2 V_2r—22<y<2
0<z<2 2< <22

D3 : Dy :
V2r —x2 <y <2 0<y<+V8—2x2
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20

Therefore

—2 V8—x?2 0 2
1:/ d/ ) d +/ d/-/ )d
s 97, fx,y)dy a7 \/mf(w y)dy

2 2 2v2 V8—z2
+/ d/ ) d +/ d/ y)dy.
e mf(x y) dy , z | f(z,y)dy

Y

A = A1 U Ay where

r =2cosf@

Area(A) = Area(A;) + Area(A;), where

us 2v/2 ™
Area(A;) = /04 dé , erdr: %/04 (8—4(:052 9) dé
1% 1 + cos(26) 1 . z
= 5/0 <8 — 4?) do = 3 [69 —sm(29)}0
_ s 1
42

And

_2

3 sin 1 3 4
Area(Ay) = /: dé erdrzixf (m—élcosZQ) dé
1

T 2cos 6

= = [~ cot() -~ 20 — sin(20)]

INERRME

N Ot N =

s
1 .

Finally : Area(A) = g +2.
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Exercise 8

1° (a) By direct verification :

1 (22 — 1) — 22 1 x
z(z? = 1) x(z? —1) r x2-1

(b) We are dealing with a first order linear differential equation. Loo-
king for its solution in the form y = wuw, it yields :

o+ o + 2 x?
v+ [V + ————v|lu=
z(z? —1) |
Choose v such that :
n 2 0 dv 2dz
v —_—V = = — = -
z(z? —1) v z(z? —1)
Hence by integration, we obtain :
ho—h—" & o
nv=In v=
z2 -1 2 —1
72
Finally, u'v = —5— gives u' =1,s80 u=xz+c. As a result, the
x —_—
general solution of the considered equation is :
-2 _@+q). ceR
y= 5 @+o), c .

2° The differential equation zy’ + /Ty y’ = y is written as :
Y

’ Y T

_;p+,/xy_1+\/§7
T

which is a homogeneous differential equation. Thus, let z = g, we
T

Y

reach y' = 2’ + 2, and consequently :

: = 1Jr\/Edz:—%.
14z 2z x

2 + 2=

By integration we get :
1 d 1 1 d
R = o [(Sa+3)a=-[F
2z x 2z oz x

2
Hence ———= +Inz=—Inx + ¢, where c € R and z = 2
x

Vz
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ANSWER PAGE 114

Exercise 1 [10 points]

Consider
flx)== 3+cos——ln(2—ew>+a+bsm—
x x

where a and b are real numbers. Determine a and b such that hr}rl f(z) is
T—r1+00

finite. Determine then then this limit.

Exercise 2 [10 points]
Let

1
f(z) = va? —1 arcsin —.
x
1
Set x = —.
t

1
1° Give the f.e. to order 3 of tf (Z) in neighborhood of t = 0_.

2° Deduce the equation of the asymptote (D) to the curve (C) of f at
—00, then precise the relative position of (D) and (C) at —oo

Exercise 3 [14 points]
1° (a) Calculate I(t / 59 1 ey dt.
(b) Calculate J(z / T $2 1+ z)dz.
2° (a) Calculate L(t / o t2 550 dt.
(b) Calculate M(x) = %
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Exercise 4 [10 points]

Consider the shaded domain D in the | Write, in two distinct forms, the
following figure : double integral
&
Y y=2a? | sz/Df(l‘,y)dfvdy
>
:‘ as a succession of two simple inte-
8 grals, by using cartesian coordi-
nates.
> .
o 1 3 2 X
2
Exercise 5 [16 points]

Consider the shaded domain D in the following figure :

Yy
vz Y=z
S@%
4 .
K I a?+y? =2
1
1
I
d
V2 0] 1 vz T

By using polar coordinates, write down the double integral

1= [[ 1) dedy

as a succession of two simple integrals.

Exercise 6 [10 points]
Solve the following differential equations :

1° 2y =y+Va?+ay  (where z > 0).
2° o +xy = .
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LU Sciences (I) Calculus

Year 2012-2013 SOlutlon Math171

Exercise 1

1
Let z = n Then we have x — +00 <t — 04. It results :

; (1) _ V3 +cost —In(2—¢) +a+bsin(2t)

t )

Expanding in neighborhood of t = 0 to order 2 :

t2 t2 t2
V3 +cost = y/4— 3 +t%e(t) = 24/1 - 3 +t%(t) =2 — 3 + t2e(t);

In(2—¢€) = In <1 + (—t — g)) + t2e(t) = —t — 12 + t2(t);

sin(2t) = 2t + t2¢(t).
Thus,

" + = +e(t).

f<1)_2+a 264+1 7
2 t 8

(oI

1 .
For a = -2 and b= 5 we get xgl}rloof(x) =

Exercise 2
1
1° tf (z) = —+/1 — t?arcsin(t). To order 3 near t = 0_ :

t2
o V1—-t2=1- 3 + t2e(t).

t3
e arcsin(t) =t + 5 + t32(t).

Thus : ) ,
1 t t
tf(=) = —(1—=)(t+—= ]+t
1(7) = - (-5) (e 5) e
43
= —t+o+ t3e(t).
2° We have 1 !
It results that the asymptote (D) to the curve (C) of f at —oo is of
equation y = —1, and since f(z) —y =~ —— > 0so (C) is situated
—o0 3%

above (D) at —oc.
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Exercise 3

1° (a) Simply we have :
2 _L o e
(1+t)(1+12) 1+t 1+

1
Thus : I(t) = In|1 4 t| + arctant — 3 In(1 + t2) + cnst.
(b) Integrating by parts, where

dx
{u:ln(l—l—x) N du*l—l—x’
X
dv = —5=dz 1
2)2 - -
(1 +2%) YT T a2y
B __ln(l—I—w) 1 1
Hence, J(x) = wv /vdu— 72(1—1—902)+2/—(1+x)(1+x2)dx
(142 1
= oaga Tal@
2° (a) 2t 3 1
a = — .
(1+)(3+t2) 3+t2 1+1¢2
t
Hence, L(t) = — arctan — — arctan ¢ + cnst.
) V3 V3

dt
(b) Let ¢t = tan g We get © = 2arctant and dz = 2——. Hence

1+1¢2
2t
M(:L'):/ et 2dt

1—¢2 2
2+ e 141
12 arctan £
= 4/7dt=2Lt = 2v/3arctan 2 _ g+ cust.
(1+1t2)(3+1t2) ®) V3

Exercise 4

First method : Vertically (i.e. fixing x) : D = D; U Dy where

3

1<x< =

Dy { 9 and Do : - T2
=¥= 0<y<+v2—22

y =2z — 2
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Second method : Horizontally (i.e.fixing y) : D = D1 U Dy where

V3
OSZJST ﬁgyﬁl
Dy : 5 and Dy : 2
<zr<= <z <1+44/1-—9y?
\/ﬂ_x_2 Vy<a < Yy
y —r
e= 1tV
I
V3 ¢ — — — —
2
N
(0 3 2 x
2
3 3 1 14+4/1—y2
Hence,I:/ dy/ f(m,y)d:c+/ dy/ fz,y)d.
0 Vi 3

Exercise 5

By polar coordinates : D = Dy U Dy U D3, where

Therefore

—V3

% \/5 %ﬂ \/5 g V2cos
[:/ df Gf(rcosﬁ,rsine)rdrﬁ—/ d€/ f(rcos@,rsin@)rdr+/5 d€/ f(rcos,rsinf)rdr.
T 3 N 5 0

cos
sin2
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Exercise 6

1° The given differential equation is written as :

y=2+1+2 (+)
x x
Which is a homogeneous equation. Let z = = thus, ¥ = 22’ + z and
, dz dx
22 =vV1+z = = —.
142 T

Integrating, we obtain :
2Vl+z=Inz+cnst = 2,/1+ ¥ _ In & + cnst.
x

2° 9/ + xy = x is a linear differential equation of first order. Set y = wv.

Then
w'v+ [V +av]u= .
.o . dv
e Finding v : choose v solution of v/ + zv = 0, we get — = —=x
z? «? !
and thus Inv = 5 Sov=e 2.

e Finding u : The function u is a solution of u/v = x.

w2 x2
Thus u = /eTxdw =e2 + ¢, where ¢ € R.

Finally, the general solution of the given differential equation is

x2 x2 w2
Yy = (67 +c> e 2 =1+ce 2.
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ANSWER PAGE 120

Exercise 1 (10 points)
2

1° Solve the following differential equation : <2 + Q€%> y = y—ze%.
x x

2° Solve the differential equation (x + 1)y’ + zy = e~* and determine
the particular solution that verifies y(0) = —1.

Exercise 2 (12 points)
1° Calculate the integral I(z) = /e_”” In(2 +€*)da.

t
2 -2t+5
sin(2x)

(1 + tanx) cos? z

dt then K(z) :/;dx.

2° Calculate J(t) :/ Ep—

3° Calculate M(x) :/

Exercise 3 (8 points)
Let f be a function defined by

f(l‘):flfg [6% +cos(%)—|—£—2].

Determine the real constants a and b, so that lim f(z) is finite. Find then

T——+00
this limit.

Exercise 4 (12 points)
(cos x)% —72%/2

Y1+ 3sine
1° Give the f.e. to order 3 of f(z) near 0.

2° Show that f could be extended by continuity to x = 0. Set g as its
extension.

3° Determine ¢'(0).

4° Determine the equation of the tangent (7') to the curve (C) of g at

the point of abscissa x = 0, and precise the relative positions of the
two curves in a neighborhood of x = 0.

Given the function f defined by f(z) =
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Exercise 5

Consider the shaded domain
D in the adjacent figure.

Write down, in two different
forms, the following double
integral

1= [[ fa)dedy

as a succession of two simple
integrals, by using the car-
tesian coordinates.

Exercise 6

(12 points)

1
—2)241
4(y )* +

(16 points)

1° Consider the shaded domain D in the figure below :

> 2 N D
e B
20 x? +y? =4
X
<9
N
2
11 "2
2

Write down, in two different forms, the expression of the double inte-

gral I = / / f(z,y)dzdy as a succession of two simple integrals, by
D

using the cartesian coordinates.

20
D in the adjacent figure.

Consider the shaded domain

V3

Write down the double double

I://f(m,y)dmdy as a suc-
D

cession of two simple inte-
grals, by using polar coordi-
nates.

\
2 »
}—\fﬂ
:132—|—y2=4
z?+y? ==
172 i "2
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LU Sciences (I)

Calculus
Year 2013-2014 SOLUTION Math171

Exercise 1

1° The considered differential equation is written as :
2267
y =" (1)

It’s a homogeneous diff. equation. Let 2z = Y. Then, vy = 22’ + z and
x

the diff. equation (1) is rewritten as :

2,z z
, z%e , 2z 2+ ze dx
Tz 4+ 2= Sy = — s — dz = —.

+ 2+ ze? 2+ ze? 2z x

By integration, we get

1 1 d 1
_/<‘ + —ez) dz = /—m, hence —In|z| — e =In|z| +c.
z 2 x 2

Thus : In

1
Y —i—ie% = —In|z| + ¢ where ¢ € R.
T

2° The considered differential equation is written as :

/ z o 1 —z
v oY o1 (+)

Let y = uv, then y' = v/v + v'u and the diff. equation (%) becomes :

1
/ ! _ —x
uv+u{v —|—x+1v]—x+1e (*)
We choose v such that
d 1
o4 2 fuzO@—U:—[l— }dw.
r+1 v r+1

We get by direct integration :
Inv=—-z+In(z+1) then v=(z+1)e "

1
ey 1e_m then v = CESIER By integra-

1
ting, it yields : w = ——— 4 ¢ where ¢ € R. Thus
rz+1

From (xx), we have /v =

1
Y= <_m+1 —i—c) (x +1)e "

Finally y(0) = —1 gives —1 = (—1+c¢) so ¢ = 0. Therefore, y = —e ™.
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Exercise 2

1° Let t = €. It yields x = Int and dx = % Thus

Iz/ln(Z—Ft)%

dt
Integrating by parts with v = In(2 +¢) and dv = FoR Then

du:i, and v=—-.
24+t t
Hence :
I:uv—/vdu:—lln(2+t)—|—/#dt.
t t(2+1t)
But;:i—;. Thus,

246t 2t 22+1)

1 1 1
=-1 — —1In(2 .
/t(2—|—t) dt 5 n(t) 5 n(2+t) + cnst

1
Consequently, I = —e " In(2 + e*) + g — -~ In(2 + €*) + cnst.
. B 2 — 242
2 J(t)_/t2—2t+5 2/t2—2t+5

1
- 2/t2—2t+5 /t2—2t+5dt_J1+J2'

2/t2_2t+5 —ln‘t —2t+5‘+cnst.

> J. / / dit = 1) Larctan 222 4 cnst
= —arcta cnst.
2= t2—2t+5 92 4 (t—1)2 M Ty TR

1 t—
Thus, J(t) = 5111 t2 — 2t + 5| + 5 arctan

1
-+ cnst.

1
o Let t = +/1+ 2z thus, x = §(t2 — 1) and dz = tdt. Hence

t t
K(ﬂ”):/mdtﬁ/mdt:”@

where t = /1 + 2.

t
—2/ an dz. Set t = tanx :
1+ tanx) cos? x

M(z) = 2/1—+tdt:2/<1—%+t> dt

= 2t —2In|l +¢| + cnst where ¢ = tanax.
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Exercise 3
Let = 1/t and give the f.e. of f(1/t) to order 0 in neighborhood of ¢ = 0.
We have :

1 1 [ =2
f (Z) =3 [thQ + cos(at) + bt — 2| .
In neighborhood of t = 0 and to order 3 :
o e% = 22t + t3¢(t)
1 1
= 1+2t—23+ §(21& —2t3)% + 6(2t —2t3)3 + #3¢(¢)
2
= 142t 42> - §t3 +t3¢(t).

a’t?
e cos(at) =1 — 5 + t32(t).

1 b+2 4—a2 2
f<?>_ R TR O

It follows that

2
The limit is finite iff : @ = £2 and b = —2. In this case : lim f(z) = ~3

T—400

Exercise 4

1° (cosz)z =e
2 4
In(cosz) = In |1+ (—%+;—4> + zie(x)
2?2 2t 1 2t ? 4
=3 ﬂ‘é( 7*%) +atelw)
2 2t
—7—54-{5 E({E)
Hence

(cos x)% = 7% +1%e(x)

3 3\? 1 3\°
= 1—$—%+§(—m—%> t3 —l’—% + a3e(x)
= 1-z+-2? lac?’—l-att3£(x)
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On the other hand, being always near x =0 :
)3
Y1+ 3sinz = (1 +3z - 7) + 23 ()

1 #\ 1 B\ 5 BV,
1+§<3x—7>—§<3m—7> —I—8—1<3x—7> + 2%(z)

l+z—2%+ gxg’ + 23 ().

1 -z — 322 — Lq8 3 23 5 3
f(z) = 33 +ax’e(x) =1—22 — —z° 4+ 2°(x).
1—&-3:—:102—1—5953 6

2° lin% f(z) =1 hence f is extendable by continuity to z = 0.
Tr—r

3 ¢/(0) = 2
4° yr=1—-2z
o f(z)—yr & —%aj?’ < 0 and (C) is below the tangent (7).
+
o f(z)—yr & —?:pg > 0 and (C) is above the tangent (7).
Exercise 5
Horizontally (by fixing y) : 6
D = D; U Dy with
N
—2<y<0 by
Dl : x/@/
0<az<y+2 DY (s
0<y<6
D> : 1
0§m§1@—2ﬁ+1 0
2
—2
Thus,

0 y+2 6 3 (y—2)%2+1
Iz/zdy/o f(w,y)dw+/0 dy/o f(z,y)de.
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Vertically (by fixing z) :

6
D = D; U Dy U D3 with
0<zx<1
1)1 :
r—2<y<6
b 1<x<2 (D1)
2!
r—2<y<2-2y/r—1
1<z<5 0 S
Dg: 1
242V —1<y<6
/

Thus
1 6 2 2-2y/z—1 5 6
I=[ | @i+ [ ] " ey [ ] f@yy.
0 z—2 1 -2 1 24+2vz-1

Exercise 6

1° Vertically (by fixing z) : D = D; U Dy U D3 U Dy with

—2<z< -1 —-1<zz<0
1)1 . 1)2 :
0<y<Vi—a? 0<y<+vV3
0<x<1 1<z<2
1)3 : 1)4 :
Ver—22<y<+3 0<y <V4— 22
J‘b\ 2 J‘z,\
s -1 Mo
& N S
%
3 y =4 — 2
7 D3ﬁ
5
(D) )
—2 —1 11 2
Thus 2

") -2

= K [ i /_Oldw /ff(ag,y)dw [ lda: /f_zf(ac,y)dﬁ /Izdx /{}@(ﬁ,y)dy,
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Horizontally (by fixing y) : D = D; U Dy U D3 with

I<y< =
$y<y
Di:
-/ *f<$<1* l,f 4,
=297V %3 {2
1 - = -
1<y<; o7 V3 A
Pty g 1 P=iyind
2 2 =
SHpy Sesyiy > 3 a=3+/i-v
i?aéjl) ; D
<< 1 =
Dy:{ 2 11 2
—VA-y e <yi-y :
Thus

_ /%_yz

o=

I:/jdy/_\/m f(fv,y)d:v-i-/O%dy/;:/__%f(:c,y)d:v-l-/%ﬁdy/_gf(:p,y)dm_

2° By polar coordinates : D = D1 U Dy with

Thus

g 2 g
I:/3d0 f(rcos(?,rsin@)rdr-I-/2
0 3

cos 6

o
A0 | ™" f(r cos B, rsin O)rdr.

cos 6

125
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ANSWER PAGE 128

Exercise 1 (14 points)
1° (a) Calculate I(z) = /ﬁ dz.
(b) Calculate J(t) = /%;/1__)5
2° (a) Calculate I(t) = /m dt.
(b) Calculate J(t) :/1?2(:_7—:;2) dt, then K(z) :/%
de

(c) Calculate M(f) = /(COS€+Sin0)(20080+Sin9>. (Set t = tan# and

use the question 2°(a).)

Exercise 2 (10 points)
Let

In (%) +sinx ++1+ax—b

2

fz) =

Calculate a and b so that lim0 f(z) is finite. What is then this limit ?
z—

Exercise 3 (10 points)
Given a function f defined by

31 4 sin S 4 e 1Heos +1n<2+‘”>
T 3+=x

Determine the equation of the asymptote (D) to the representative curve
(C) of f at +o0.
Precise the relative position of (C) and (D) at 4o0.

f) =
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Exercise 4 (8 points)
Calculate the double integral

™ ™
I :/ dy/ cosy e *dx.
0 y

Exercise 5 (16 points)
1° Consider the shaded domain D fz,\ 9
shown in the adjacent figure. \/}“/-"-

Write down in two different

22111?12’ intt};e raeixpl"esslon of the @ ) ‘.
g _9 |/ S 4
(

1= [[ 1@y dedy

as a succession of two simple in-

tegrals, using cartesian coordi-
(~1,~ 35—
nates. 3)

2° Consider the shaded domain A
shown in the adjacent figure.
Write down the expression of the

\/\/
2 +y’ =]
double integral @ !
=f — M
\‘ i

Iz//Af(x,y)d:vdy A\ [ 2
as a succession of two simple inte-
grals, using polar coordinates. —V3
(\1, -3
Exercise 6 ) (12 points)

1
1° (a) Calculate / by setting t = —.
z

dz
V22 — 2

(b) Solve the following differential equation :

22y = y\/y? — yx + v, (x > 0).

2° Solve the following differential equation :

(cos’ztanz) y —y = 1.
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LU Sciences (I)

Calculus
Year 2014-2015 SOLUTION Math171

Exercise 1
1° (a) We have

—1 [(~22+2)-2

I(z) = ——
© =5 5 rm
-1 ((—22+2)dx dz
— =J J.
2 ) 2—22+2 /—:E2+2:17—|—2 () + Jo(w)
where » 2)d )
T+ x_ 9
o Ji(x / ~ 2o ——§ln‘2—x —|—2x‘+c1.
. d(z —1) L V3+ax—1 .
2 3—(z—-1) 2\/_ V-z+1|
Calculation of J(t / Let ¢ = /1 —t, th
(b) 1+zt+2\/1T o o

t=1—22and dt = —2zdz :

zdx
/2 — 2242z = —20(x).

Thus : J@#t)=In(1+t+2y1—1t)— \/_ §+\/1%_1 + cnst.
] 1 1 1
2(a) e Wehave gy = 75 T 240

dt
Then I(t) = | ——————=1In|1 — .
e Then I(t) /(1+t)(2+t) n|l+t —In|2+ ¢ + cnst

| t
(b) Calculation of J(t) = /% dt. Integrate by parts, with
— In(1+1) du = -3
1+1¢
dt =
dU - 2 t 2 v = —_1
(2+1) 241

Hence

~ In(1+1) dt
J#) = - 2+t +/(1+t)(2+t)

_In(1+7)

+1In |1+t —In|2+ ¢| + cnst.
2+t
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e TIn(1 + e%)

Calculation of K(z) = / (1420 7)

dx. Set t = €%, then

dr = %, it yields :

K(:U):/%ln(l—i—t) dt :/ln(l+t) at = J(t)

(1+21)2 ¢ 2+ 1)
de
lculation of M (0) = . have :
(¢) Caleulation of M(9) / (cosf 4 sin6)(2cos O + sin 0) We have
1 de
M) = /(1+tan9)(2+tan9) cos?

dt
t=tan 0 /(1+t)(2+t) =1(t).
Thus : M(#) =In|1 4 tan 0| — In |2 + tan 0] + cnst.

Exercise 2
In neighborhood of = 0 and to order 3 :

2 3
e =142+ % + % + 23¢(x) and cos(2z) =1 — 222 + 23¢(x).
Hence, in neighborhood of z = 0 and to order 2 :

In (ez + cos(2x) — 2)

X

3x I’Q 2
In (1—7—#?) + z°e(x)

2 6 2
3r 2322,
== —7—74‘1' 6(1’)

In neighborhood of z = 0 and to order 2 :

2.2
sin(z) = = + z2e(z) and Vidar=1+ % — LT 4 2%e().

3
2 2,.2
S A
Therefore : f(z) = —2—24 = 2 8 +e(x)
1-0 a_1—§—a—2—|—5(m)
x2 2x 24 8
Hence lin% f(x) is finite if and only if b = 1 and a = 1. In this case :
T—
23 a? 13
li = ——=——.
xlin()f(m) 24 8 12
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Exercise 3
Let x = % and give the f.e. of tf (%) to order 2 in neighborhood of t =0 :

1 __ 3 : —1+4-cos(t) 1+2¢
tf(t>_ \/1+sin(3t) +e +ln1+3t.

In neighborhood of t = 0 and to order 2 :

o 3/1+sin(3t) = 1+ 3t +t%(t)

1
— §(Szt)2 +t2e(t) = 1+t — t2 + t%e(t).

1
= 14+ (3t
+ 560

2
o ¢ lteos(t) — o~1%/2 4 t2e(t) =1— % + t2e(t).

1+2t
n
1+3t

= In(1+42t) — In(1 + 3¢)

= 2t — %(2@2 - {3t - %(375)2} +t2%e(t) = —t + % + t2e(t).
From which it follows that
ﬁ(%):2+9+¢%@%©f@ﬂ:2x+%+%d@.

1
— > 0 then the curve (C)

The equation of (D) is y = 2z. Since f(z) —y =~
+oo T

is above (D) at 4o0.

Exercise 4
To evaluate the double integral I = / dy / cos(y)e“®*dx, we should
0 y

change the order of integration. The domain (D) of integration of I is boun-
ded by y = 0, y = 7w as well as by z = y (to the left) and y = 7 (to the
right) :

T
by fixing « : vertically

) . . . 0<z<m
Changing the order of integration (vertically) : D : { 0<y<a
Thus we get

I = / dx/ cos(y)e**dy = / ecos(@) [sin(y)]§d$
0 0 0
= / sin 2 dr = [ — 77 = —e ' +e.
0
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Exercise 5

1° First method : Vertically (by fixing z).

D = Dy U Dy U D3 with :

-2<zr< -1
Dll
—Vd—a? <y<Via-a?

-1<z<0
DQZ

Hence I = I + I + I3 with

—1 VA—z? 0 V3
I:/ d/ z,y)dy, I:/dx/ x,y)dy,
1=/, 7\/@“)0( y)dy 2=/ mf( y)dy
0 —/i—(z+1)2
Ig=/ dfr/ T ) dy.
-1 -3

Second method : Horizontally (by fixing y).

Dy

Hence I = J1 + Jy + J3 + J4 with

1 1
2

0 Ll 12
n=[Ca  tepa n= 4 T ey
—/3 —/4—y2 _% —\/4—y?
Ca e s=[Tal" sy
J. :/ y (x,y)dz, :/ 1// f(z,y)dx.
3 1 y /T Y 4 1 i Y
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2° In polar coordinates :

A = D1 U Dy U D3 where :

Dy :

[

N N - o

Dy :

&

Hence I = I1 + Iy + I3 with :

Exercise

1
1° (a) Lettzé,thenz:zand dz = —

= N =
3

IN
S
IN

Q‘”|c='f’J
w

2m VB
3 sin
L :/ d@/1 f(rcosf,sin@)rdr,
2 3

DN | = c»_.,|

IA
<

IN
S

<r<-—

sin 6

= 2
I :/2d d@/1 f(rcosf,sin@)rdr
37

Iy = /4 d@/lsm f(rcosf,sin@)rdr.
T

6

Then I(z) =

t . .
—, it yields :

Z)—/ dz _/ 1 —dt
AN /L_%

1
—/ :2\/1—t+cnst:21/1—;—l—cnst.

t
v1i—t

(b) We may write

Y

X

)

X

Y

T

Y ﬁ

It presents a homogeneous differential equation. Let z = %, then

y = xz' + 2. It gives :

dz dz
22 tz=2V2 -2tz — = =
222 — 2 x

Hence, by integration and due to result of 1°-(a) we get :

2,/1—gzln]ml+cnst.

132



2° First method : It is a differential equation with separable variables

‘cosztanz =1+y < dy _ 1 X dz
Y B Y y+1 tanz = cos?x
dy d(tan x)

y+1 " tanz
By integration we get :

In|1+ y| = In|tan z| + cnst.
Second method : We write :

. 1 1

— = 1
cos? ztan x y cos? xtan x (1)

It represents a linear diff. equation. Seeking for the general solution
of this equation in the form y = wv. Then y' = v/v + v'u. It yields

1 1

! !
do+ vV - ——mMmMm vy = ————— 2
cos? ztan x cos? ztan x (2)

15t step : Calculation of v. We choose v such that

, 1 dv 1 dx
cos® xtanx v tan x COS* x

By direct integration :

Inv=Intanz, hence

v =tanx.
ond gtep : Calculation of w.
/ 1 / 1
uv = 5 Su = 3 7 -
cos® rtanx cos® x tan® x
By integration, we get :
1 dz d(tan x 1
U= / 7 X o= / ( 2 J__ + k.
tan“x  cos“x tan“x tanx

Finally :

(~mz +4)
y=|{- + k) tanz,
tanx

where k is an arbitrary constant in R.
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LEBANESE UNIVERSITY Date: 12 February 2016
Faculty Of Sciences (I)

Final exam M1 109 Duration: 2 hours

ANSWER PAGE 136

Exercise 1 (12 points)
Let ' )
f) = tanz + V14 3z + az? — e(2xte?)
N 22(1 — e?) ’

Calculate a so that lir% f(z) is finite. What is then this limit ?
z—

Exercise 2 (8 points)
Let f be the function defined by

f(z)=zln (\/m2—|—2x+2—x).

Determine the equation of the asymptote (D) to the representative curve
(C) of the function f at +00. Precise the relative position of (C') with respect
to (D) at +oo.

Exercise 3 (14 points)
1 1
1° (a) Calculate I(z) :/m dz and J(z) :/ﬁ arctan(z)dz.
(b) Solve the following differential equation :
z(1+ )y’ —y = arctan .

2° Solve the following differential equation :

(- om ()= () (2) ()

Exercise 4 (16 points)
Calculate the following integrals
1 2—t
V—4x? + 42+ 3 (cosx + 2sinx) cos

K(x):/( dx

2 4 cos ) tan 5
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Exercise 5 (20 points)

Consider the following double integral

1= [[ fe.y)dedy

where D is the shaded domain in the figure below.

y:—?

1° Using cartesian coordinates, write down I by 2 ways, as succession
of two simple integrals.

2° Using polar coordinates, write down I, as succession of two simple
integrals.
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LU Sciences (I)

Calculus
Year 2015-2016 SOLUTION M1109

Exercise 1
There must be simplified by 23 because the f.e. of 2%(1 — e%) begins with
a term of 3. To find the limit of f(z) we must give the f.e. of each usual
function to order 3.

o 2%(1—e%) =22[1l — (1 +a)] +23e(z) = —a3 + 23¢(z).

23
simz  TT G, o
.tanx:cosm: = +z E(x):x—i-?—kx e(x).
2
o Y113z tar= [1+ (3¢ +az?)]3
1 1 5}
=1+ §(3w +az?) - §(3:c +ar?)? + 8—1(350)3 + 2%¢(z)

1
- 1+x+<§_1> 2 + 55~ 20)2° + 2 (a)
1 1

10
= 142z + 322 + gw‘g + 23¢(w).

12 — 442
Therefore : f(z) = 37 <4 —; ‘4 e(z).

. C . . 442a 28
Then ilg%) f(z) exists iff a = 12. In this case : iu_i}%] f(z) = 3 =3

Exercise 2

1
Set © = 7 (x — 400 &t — 04). We have then

2 _
(2= ([T ) e () oV

1
Let us give the f.e. of tf (Z) to order 2 in neighborhood of ¢t = 0.

In neighborhood of ¢ = 0 and to order 3 we have :
V142t +2t2 = [1+ (2t +2t?)]

1 1 1, . .
1+ 5(2t +2t%) — g(215 +2t2)2 + 1—6(215)3 +t3¢(t)

t2 3

B
= 1+t+—=— = +t3().
++2 2+ e(t)
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Vi+2t+22 -1 2
Thus : In YA t: ! =In(1+ E—% + t2¢(t)

2 2 2
t 52,
= 5 ? +1 €(f)
Then )
1 t 52,
tf (=) == — = +t%@
£(3) =35 +e=0
Returning back in x, we obtain :
1 5 1
f(z) 3 % 55(1‘)

1
So the equation of the asymptote is y, = 3 and is above the curve repre-

)
ti i — Yy ~ —— < 0.
senting f since f(x) — yq K 8 <

Exercise 3

1°(a) I(z) = /mdw

_/%_ zdx
N x 1+ 22

1
= Inlz| — 5 In(1 + x2) + cnst.

1
Calculate J(x) = / = arctan(z)dz by integration by parts with

dx
u =arctanxy = du=-——=
14 22
dx 1
dv:—2 =0 =——.
T T

We get then

J(x) = —% arctan(z) + /m dr = —i arctan(x) + I(x).

1 1
J(z) = - arctan(x) + In |z| — 5 In(1 + %) + cnst.
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(b) This is a linear differential equation that is written in the form

/ 1 _
(1 —|—a?)y_ z(1l+ x)

Yy arctan(z) (1)

Search y in the form y = wv, then 3y’ = v/v + v'u. We find by
replacing y and ¢’ in (1) :

1 1
! (N = ——arct 2
uv—i—[v a:(l—i—a:)v]u x(1+$)arcan(§c) (2)
Calculation of v : We choose v such that :
, 1 dv dx
vV————1=0=> — = ———.
z(l+x) v z(l+2)

By integration, we get

lnv:/#dx:/(l— 1 )dw.
z(1+2) x z+1

S —
omv=1In

and then v =

1+
Calculation of u : From (2), we have

v = ! arctan(x) = u
z(l+ )

, 1
=— arctan x.
x

According to the results of the question 1°(a), we obtain
1 1
u(z) = J(x) = ——arctan(z) + In |x| — 5 In(1 + %) + cnst.
x

arctan x T

142

Finally, y = uv = (f +In|z| — %ln(l + 22) + C)

2° It is HDE since ¢y’ = <% ~ 1) - %COS <%> e <%> -F (2)

y Yy x
er —cos | —
T

Set z = g, then y = zz and v’ = 2’ + 2. Hence
T

v 4 n— (2 — 1)e* — zcos(z) + sin(z) L M_
e* — cos(2) e? — cos(z)

Therefore

sin(z) — e? x

/ez—cos(z)d _ [dz

Thus : —In [sin(z) — €*| = In |z| + C where z = %

138



Exercise 4

z+1

e Calculation of I(x) =
vV—4x2 +4x + 3

1 —8x — 8
I(2) = -
V—4x? +4x + 3
1 -8 4 d(2z —1
= —= Tt dz + § (22 )
V—4x? + 4z + 3 4) /22 — (2z — 1)?
1 20 — 1
= =7V —4z? +4x 4+ 3+ % arcsin — + cnst.
. 2 —tanczx .
e Calculation of J(x) = dx : We write :

(cosx + 2sinx) cosx

9 _
J(m):/ tan x y dx .

1+2tanz  cos?z

dz
Set t = tan x, then dt = 5— and :
cos?
2—1 1 /2t—4
T@) = [ ¥t =5 7%= "/dt 2 2t+1

1 5
Therefore : J(x) = _it + 1 In |1 + 2t| 4 cnst, where t = tan .

dx

Calculation of K (z) = :
[ alculation o (CC) (2+cosm)tan§

Set t = tan g, then g = arctan(t) and dz = 2——. We get then

t
1+t

dt
K(x)2/< 1_t2> X
t

1+ 2

_2/ /3+t2
N (3+t2 E 3+ 12)

= — = dt.
3/ 3 3+t2

2 1
Thus : K(z) = 3 In|t| — 3 In(3 +t2) + cnst, where t=tan g
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Exercise 5

Horizontally : We have

D =DyUDyUDg

where

Thus :
0 Vi : Vi AR

Vertically : D = Dy U Dy U D3 U Dy where

nggl,
e D : 2 % ®
! a2 1T | S
_§§y§§_ Z_I' I \/5 7
L<r<va R O
e D 2 =N 1‘ \\
_J:_2< <ux I §§
Fevs = 1 2 |
[ = -
V2 < <3, N2 §
® Ds: 2 —
’ —T<y<va-at §
o VBses2 § yEven
[ ) : 0
! Va4 —2?2<y<V4—22 —le¢ == \ B(V3,-1)
Thus

3 3
V3 A2 2 4—z2
—l—/ dx/ x,y)dy + dx/ x,y)d
v ) f(z,y)dy s mf( y)dy



In polar coordinates : We have

D =DiUD,
where
V2
——<6<0; @ t—————- A(V2,V2)
. = 1
*Di: 3sm€< <o ﬁ’ 1
— r
cos?2f — &

sinf <r <2.

I=5L+1

(SIE]

0 2
I = / d@/gx ef(rcose,rsiHH)rdr
_ _3sin0

cos< 0
s

z 2
/4 dé f(rcos@,rsin@)rdr.
0

sin 6
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LEBANESE UNIVERSITY Date: 14 September 2016
Faculty 0f Sciences (I)

Final exam M1 109 Duration: 2 hours

ANSWER PAGE 144

Exercise 1 (12 points)
Let )
) sinz + 4/cos(z) + 3z — e(2rFaz’)
€Tr) = .
x2(1 —e?)

Calculate a so that lin%) f(x) is finite. What is then this limit ?
T—r

Exercise 2 (8 points)
Let f be the function defined by
V w2+2z+2
flx)=ze = .

Determine the equation of the asymptote (D) of the representative curve (C)
of the function f at 4o00. Precise the relative position of (C') with respect
to (D) at +oo.

Exercise 3 (14 points)
1
1° (a) Calculate I(z) z/ dz and J(z) :/E Inz dx.

z(1+ z)
(b) Solve the following differential equation : (1 + z)y’ — y = xInz.

2° Solve the following differential equation :

(e% —1)y': (%—1) ex.

Exercise 4 (16 points)
Calculate the following integrals :

J(x):/ sin(2x) e

X
I(x :/ dx ,
(@) V=422 + 12z — 5 2+ cos®x

X
tan 3

K = | —=
(w) 24 cosz
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Exercise 5 (20 points)
Consider the following double integral

1= [[ fe.y)dedy

where D is the shaded domain in the below figure.

y=—?

1° Using cartesian coordinates, write down I by two ways, as succes-
sion of two simple integrals.

2° Using polar coordinates, write down I, as succession of two simple
integrals.

143



LU Sciences (I)

Calculus
Year 2015-2016 SOLUTION M1109 (2nd session)

Exercise 1
There must be simplified by 23 because the f.e. of 2%(1 — €%) begins with
a term of 3. To find the limit of f(z) we must give the f.e. of each usual
function to order 3.
o 72(1—e%) =2%[1 — (1 +2)] + 2%e(z) = —23 + 23¢(x).
3
o sinz=ux— % + z3¢().

[ 2
o Vcosz+3z = | 1+3x—%+m35(m)
2
T
1+ (32— =

1 72 1 2\ 5 3 3
= 1—|—§<3x—?>—§(3x—?) —i—ﬁ(?)x) +z°e(x)

3

+ 23¢(x)

7
= 14+z— 6:1:2 + 223 + 23¢(2).
1 1
o ) = 1420 4aa? 4 o (20 +ar?)? + 5 (20)° + 2e(a)

4
= 1+22+ (a+2)2% + (2@ + §> 23 + 23e(x).

19
5 2
Therefore : f(z) = +2a — 3 + e(z).
x
. C 19
Then lim f(x) exists iff a = ——.
z—0 6
. . 2
In this case : glglino f(z) =2a— 3= —T.

Exercise 2

1
Let z = 7 (x = 400 <t — 04). We have then

F(h) - LwEsie (1) = evmma
t t

t

1
Let’s giving the f.e. of tf <;) to order 2 in neighborhood of t = 0.
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In neighborhood of ¢ = 0 and to order 2 we have :

V142t +22 = [1+ (2t +2t%)]

1 1
= 1+5@2+ 2t%) — 52+ 2t%)% + t2(t)

[N

t2
= 1+t+5+t25(t).

1 2
Hence: tf (;) = eVIT2F2 — o T 4 12(1)

2\ 1 2\
1+ (t+S)+2(e+ 2

= e(1+t+t) + t2%(1).

Returning back in x, we obtain :

f(z)=e (1 +z+ é) + éa(w)

= e + t2e(t)

So the equation of the asymptote is y, = e(1 + x) and is below the curve
representing f since f(z) —y, ~ 5.
oo T

Exercise 3

1°(a) o I(z) = /;dx

x(1+x)
B /% B dx
B x 1+2x
= Infz| —In|1 + 2|+ cnst = In ’—Fcnst.
1+
dx
o J(x) :/lnx7 :/lnxd(lnm). Then
1 2
J(x) = §(lnm) + cnst.
(b) This is a linear differential equation that is written in the form
1 1
- = | 1
Y x(l—i—a?)y 1+z 0 (1)

Search y in the form y = ww, then vy = v'v + v'u. We find by
replacing y and ' in (1) :

v+ [v/ - Inz (2)

1
:E(1+:U)U] 14z



Calculation of v : We choose v such that :

z(1+x) v z(l+a)

By integration, we get

1 T x
lnvz/ida":ln == .
z(1l+ x) 1+2 1+2

Calculation of u : From (2), we have

!/
uv

1
= Inz=uv==-Inz.
14+ T

According to the results of the question 1°(a), we obtain
1 2
u(z) = J(z) = §(lnx) + k, (k € R).

Finally,

2° Tt is HDE since

]
ez — 1 x

Set z = g, then y = xz and v’ = 22’ + 2. Hence
x

' (z—l)ezz> , z—¢€®
xTrz 2= Tz — .
e# —1 er —1
Then :
-1 d
/e dz = _x.
z — e x
Hence :

—1In|z — €| = In|z| + k,

where z = y and k is an arbitrary real constant.
T
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Exercise 4

€T

e Calculation of I(x) = / dz
vV—4x2 +12x — 5
1 —8x
I(x) = ——/ dz
() 8J) V—4x2+ 12z -5
1 Seg12 03 d(2z — 3)
8) V—4a? + 12z 5 1) /22— 2z - 3)2
1 3 2z — 3
= —Z\/—4y}2 + 122 — 5+ 1 arcsin m + cnst.
) sin(2x)
e Calculation of J(z) = [ —————d=.
2+ cos?x
First method : We write :
2cosxr
J(.’L’) = mSlHZ’dl’.

Set t = cosx, then dt = —sinx dz, and it follows that :

2t d(2 +t?)
J(x) = — gy s e
(=) 21 2 / 2+ 2
So: J(z) = —In(2 + t?) + cnst, where t = cos z.
Second method : Set t = 2 + cos? z, then dt = —sin(2x)dxz. Thus

dt
J(z) = _/T = —1In|t| + cte = — In(2 + cos® x) + cnst.

. tan 5 dx
e Calculation of K(x) = [ ——=—:
2+ cosx
Set t = tan =, then - tan(t) and dz = 2—3_ We get th
et t = tan —, then = = arctan(t) and do = 2——. We get then
2 1+ 8
t dt t d(3 +t?)
K =2 =2 dt = [ ———.
(@) / 1= 14 /3+t2 /3+t2
24+ ——
1+1¢2

Thus : K(z) = In(3 4 t?) + cnst, where ¢ = tan %
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Exercise 5

Horizontally : We have

D =DyUDyUDg

where
® D :
V=3y <a <4 —y?

<y<2;
® D3
0<zx 4 —y?
Then :
0 Va—y? 1 Va—y? 2 Va—y?
I:/ d?/ z,y)de + [ dy T,1 d:zt—i—/ d/ z,y)dx.
71Jmf( 0) A J\/Wf( 0) ) f(x,y)

Vertically : D = D, U Dy U D3 U Dy where

y=+4-z2

0 1Jr\/ﬁ

5
Vi—z2Z
+/ dx/ xydy—i—/ dx/ dy.

148



By polar coordinates : We have

D =DiUD,
2 4
where
T
——<0<0;
6 — — £
. =
* D 3sin9< <9 @ 1
— r .
cos?f — 2

s

0<6< 5
0D22 2

sinf <r <2.

Then :
I=5L+1
where
0 2
L = / d@/gx ef(rcose,rsiHH)rdr
G T cos2 6

™

5 2
I, = /2d9 f(rcos@,rsin@)rdr.
0

sin 6
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LEBANESE UNIVERSITY Date: 31 January 2017
Faculty 0f Sciences (I)

Final exam M1 109 Duration: 2 hours

ANSWER PAGE 152

Exercise 1 (15 points)
Let

1
s In(4 —3cosz) + /1 +sin(3z) — g —z + az?

x2(1 — e2%)

fz) =

Determine a so that lir% f(x) is finite. What is then this limit ?
z—

Exercise 2 (15 points)

1° (a) Verif that'i—t—él—k 2 __8
YR e T 2+t (2+6)2

tan® x

(b) Calculate I(z) = /

(2cosz + sinx)?

d d
2° Caleulate J(x) = / Mﬁ and K (z) = /3—5%

3° Calculate L(z) = /éq / . j_ ] dz.

Exercise 3 (15 points)

1° Solve the following differential equation :

y
zy + (y? — zy) In -

/

y: y
22 In 2

(zy —2%)In ~

2° Calculate / e V®dz and then solve the following differential equa-
tion :
2zy — xr y = .
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Exercise 4 (25 points)
1° Consider the following double integral

1= [[ 1) dedy

where D is the shaded domain of the figure below.

(a) Write I as a succession of two simple integrals in two
different ways, using the cartesian coordinates.

(b) Write I as a succession of two simple integrals, using
polar coordinates.

2° Using polar coordinates, calculate the area of the shaded domain A.
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LU Sciences (I)
Year 2016-2017

SOLUTION Coene

Exercise 1

There must be simplification by 23 because the f.e. of 22(1 — %) begins
with a term in 2. To find the limit of f(z) we must give the f.e. of each
usual function to the order 3.

o 72(1—e¥) =221 — (1 + 22)] + 23e(z) = —223 + 23¢().

o {/1+sin(3x) =

T
1+ (3:)& — (33!) ﬂ + z3¢(x)

1 9 . 1 9 N\N? 5 . .
1 3 3 34 .3
+ 3 (3:10 230) 9 (395 290) + 31 (3x)° 4+ x°¢(x)

1
1+x—2%+ 6303 + z3¢(z).

1
e To find the f.e. of s In(4 — 3cosz) to order 3 we give the f.e. of the

function In(4 — 3cos x) to order 5 :

In(4—3cosz) = In|4—-3 1_3:_2+3:_4 + 2%¢(x)
- 2 24 ©
3 x
= In |1 —x? - >
n +<23: 8) + z°e(x)

2
3 Y13 4
= 5952 — % -3 <§x2 — %) + 2%¢(x)
— 3 2 5 4 5
= 50— 4 + 2°e(x)
1 3 5
Then : o In(4 —3cosz) = 5 Zx2 + 23¢(x)
Therefore
1 3 - 5 2
— In(4 — 3cosx) + /1 + sin(3z) — 5 ~%taz
_ oz
f(JL') - :Ez(l _ 6237)
g—g:p2+1+x—x2+éx3—g—x+aw2
B —2z3 +e(@)
~ 9—4a 1 +e(a)
T T8r 127
. s . 9 . : . 1
Then lim f(x) exists if and only if @ = — and in this case lim f(z) = ——.
z—0 4 z—0 12
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Exercise 2
1° (a) We have

pogy 128 =D+ +1224+8) -8
24+t (2412 (2+1)2 2+
tan® tan® x dx
b) I(x) = / = / X . By set-
(b) I(z) (2cosx + sinz)? (24 tanz)?  cos’x Y se
d
ting ¢t = tan x we obtain df = x . Then

I(m):/ﬁdt: /(t—4+21ft—(2ft)2) dt

t2 8
= 5—4t—|—121n|2+t|+2—+t+CHSt

where ¢ = tan x.

2d¢
2° By setting t = tan % we obtain dz = T e and
2dt
x 14+ t2 dt 1 t
* J(@) 5+ 3cosw +31—t2 4412 28%3%2+Cns
1+ t2
2dt
dz 142 dt 1 2t—|—1’
= = = — — 1 t.
/3—5mmv /‘ 12 i et R
1+ﬂ
3° To calculate L(x / \ — 1 dx we can set t = , / . We obtain
l‘
2t dt
=2, then = = and doe = ———. It follows that
14z 1-— t2 (1—1¢t2)%

1—t? +1
L(x):/t—2xt (1—t2 dt—2/1_t2—l ‘t_1‘+cnst

where ¢t = :E .
1+
Another method :
2 1
L(m):2/ dz _ d(2z +1)
Vdx? + 4x V(2z+1)2 -1

= In (236 +14+2vx2 + x) + cnst.
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Exercise 3

1° The differential equation is written :

2
v (8 _u),y
, X X X X (1)
y:
(g—1>lmg
X X

It is therefore a homogeneous differential equation. Set z = g, then
x

y=uxzand y' = z + zz’. Hence (1) is written as :

o z—l—(zQ—z)lnz(:) , z @(z—l)lnzd dx
z4x =—"———— & = z2=—.
(z—1)Inz (z—1)Inz z x

In 2 dx

By integration / <lnz——) dz= [ —.

z x

Then :

1
zlnz— 2z — i(lnz)2 =In|z| +cnst with 2= Y.
x

2° To calculate M(x) = /e‘ﬁdw we set t = /z, then z = t? and
dz = 2tdt. Therefore

M(z) = /2te_t dt LEp —2(t+1)e  +enst = —2(1++/z)e V¥ +cnst.

Solving the differential equation : 2xy’ — \/ry = . We have
1 1
/ — -
N (%)
It is therefore an LDE. We then look for y in the form y = uv. Then
y' = u'v+ v'u. Hence (x) is written as :
1 } 1 (55)
——=v|u==
2\/x 2
1st step : Calculation of v. We choose v which cancels the bracket :
1 dv dx dv dx
f—— @—z—@/—z/—@l =V eouv=e'"
”2\/5”v2\/5v2\/5n”\/§”6

2nd step : Calculation of u. From (xx) we have :

u'v + [’u'

1 1 1
u/fu:§<:>u/:§e_ﬁ<:}u:E/e_ﬁdx:—(l—i-ﬁ)e_ﬁ—ka

Finally : y = uv = [—(1 +VZ)e TV 4 C} ev®,
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Exercise 4

1° Vertically : D =Dy U Dy U D3 :

V3

-1<z<0 O<z<—
Dy : Dg:

1-vV1-22<y<a+2 | & <y<l4+Vi—a2

2V3

£<x<1
Ds : 2 - =

—V1I-2?<y<1+V1—a?

A

y=1+Vi=a?

Then

2 1+ﬂ 1+ﬂ
I= / d:c/ flz,y)d +/ dx/ flz,y)d -I—/ / .
1-v1=2? W)y W)y 1 \/ﬁ by

Horizontally : D = Dy U Dy U D3 with

Dl.{o<y<_ D2:{i—y§1

Ty -1 <z <2/3y° —I=(y-12<a</1-(y-1)?

Dg:{ 1<y<2
y—2<z</1-(y—-1)7?

I =1+ I+ I3 with :

L = /dy/%fy f(z,y)d
vV 2y—y?
1 "V 2y—y?
L= [ d [ LT

_/IQdy/yi/wa(x,y)dx




By polar coordinates : D = D, U Dy U D3 with

T<p<I il 3r
6 2 QSOS 4
b s oing De 0<r< 2
r sin
2v/3sin26 — ~ ~ sinf —cosd
3l§9§7-r
D3: 4

2sin 6@
/ d9/ f(rcos@,rsin@)rdr; e cos 6
2\/%’: 2v/3sin% 0

2sin 6

= /T da/sinﬁfcosﬂf(r cosO,rsin@)rdr; Iy = /3 do f(rcos@,rsinf)rdr.
3 0 * 0

2° The domain A is defined in polar coordinates by :

coS 0

IN

>

IN
|3

cos 0

’," —_—
~ 2v/3sin? 4

S ol

IN
A

Then :

cos 6

area(A / dé?/Qﬁm1 = /2 cos”
24 sin?

1 2 2 d@
= — 0
24 x cot o x sin? 6
T \/g
= —— cot30|? = —.
72 }g 24
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LEBANESE UNIVERSITY Date: 17 July 2017
Faculty Of Sciences (I)

Final exam M1 109 Duration: 2 hours

ANSWER PAGE 159
Exercise 1 (12 points)
Let

sin?(z) x In(1 + z)
(1—e2)(V1I+aZ-1)

1° Give the finite expansion of f(z) to order 2 near x = 0.

flz) =

2° Show that f has an extension by continuity at x = 0. Let g be its
extension.

3° Give ¢'(0).
4° Give the equation of the tangent (T") to the representative (C') of g,

and indicate the relative position of (C') with respect to (7) in the
neighborhood of 0.

Exercise 2 (14 points)
Let
1 422
flz)==x ((2 — Cos —) _ 46—2x_¢m> '
T

Determine the equation of the asymptote (T') at —oo to the curve (C) of f
and indicate the relative position of (C') with respect to (') near —oc.

Exercise 3 (18 points)
1° (a) Find a and b so that 1 +t2 = (t +2)? +a(t +2) + b for all t € R.
1+ dz
b lculate I(t) = | ——=dt. Ded = .
(b) Caleulate I(1) /(2+t)2 educe J(z) /cos%(2cosx-|—sinm)2

t—1
2° By integration by parts, calculate K (t) = / In (—) dt.

t+1
Deduce L(z) = /ln <

cosx — sinx dx
X T3

- .

cosx +sinx sin
2
3° Calculate M(x) = ta?(x/ ) dz.
1+ 3sinx — cosx
9 2
4° Calculate N(z) = /M dz.
sin x
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Exercise 4 (6 points)

Y (1 +2In %)
Solve the following differential equation : ¢y’ = —————~—.
T (1 +In £>
x

Exercise 5 (20 points)

Let D be the shaded domain in the figure below.

= 392

-———— /:B/

“

Y

—/3 -
\y = —\/§w2

1° Let f be a continuous function on D. Write the expression of the
double integral I = / / f(z,y)dzdy as succession of two simple in-
D
tegrals, by two ways, using cartesian coordinates.

2° Using polar coordinates, calculate the area of the domain D.
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LU Sciences (I) Calculus
Year 2016-2017 SOLUTION M1109 (2nd session)

Exercise 1
1° There must be simplification by x3 since the f.e. of (1 —2*)(v/1 + 22 — 1)
begins by a term of z3. To find the f.e. of f(x) to order 2 we must
then give the f.e. of each usual function to order 5.
(22)* | (22)°

o > 12 = 1—<1+2x+T+T>+x35(x)

4 3
= —2r—22% - % + 23¢(x).
2 4
> 1+m2—1:1+%—%—1+$46(m).
Then
4.3

(1—e>)(V1+a22-1) = [—Qx — 222 — T} [%2 - %4} + 25e(x)

)
= —a? {1 +x+ Exz} + 25e(x).

o Y 2 a3 5
o sin“zln(l+z) = |z 3 74—? + z°e(x)
o 2 3
= [xQ—? [x——+— + 2%¢(x)
= 23— —2t + 20e(x)
Then
- 2 2 3 13 9 2
f(x) = ————~— +2%e(z) = -1+ -2 — —2° + 27¢(x).
L4t 5T 2 12
SRS
flz) if x#0
2° lim f(z) = —1 then f is e.b.cat z =0 by g(z) =
z—0 -1 if z=0.
3
o I _ 9
4° The equation of the tangent (7') to the curve (C) of gisy = —1+ gw

1
On the other hand, g(x) —y =~ —1—2352 < 0, then (C) is below (T') in
the neighborhood of = = 0.
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Exercise 2

1
Set x = 7 then z — —oo if and only if ¢ — 0_. Let us determine the f.e. of

1
tf <;> to order 2 near t = 0_. We have

1 4 1o -2_ /4481 4 244186112
tf (z — 2 In(2—cos t) —4e ¢ 2T . = In(2—cos t) e

In the neighborhood of ¢ = 0 and to the order 4 :

2 212\
In(2 — cost) = In (1 + 5~ ﬂ) +tle(t) = = — — — = (—) + tte(t)

2
= — — — +ti
5~ Ttel)
Then
4 In(2—cost) 2 _2t? 2 2 2, 2
et? =e“xe 5 Fte(t)=e 1—§t + t%e(t).

On the other hand, in the neighborhood of t = 0 and to the order 3 :

V4+8t+t2 = 2(1+2t+ )

2
— 2 [1 2t+ ) — é <2t+ é) + 1—16 (2t)3] + t3e(t)

3
= 2 [1+t+— — = (42 +13) +%} + t3e(t)
= 24+2t— 2+ 33 + t3e(t).
4 4
Then
¢RI _ 2 () 20 (p) = 2 {1 + i( t+12) + %%(—t)ﬂ + t2e(t)
3 33
_ 2012 2| 4 42
— e {1 4t+32t}+t c(b).
1 115
It follows that : tf (;) =e ( 3+ 3t — ﬂtz) + t2e(t).
115 1 1
t ing t it : - — X = - .
Returning to x, it comes : f(z) = ( 3z +3 51 < x) + xa(w)
The equation of the asymptote (T) at —oco to the (C) is y = —3e?(x — 1).
115¢2

Since f(z) —y =~ — > 0 then (C) is above (T") near —oo.

24x
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Exercise 3

1° (a) We have 1+t2 = (t+2)%2 4 a(t +2) +b for every t € R if and only
if
1+ ="+ (a+4t+2a+b+4 ViR,
By identification we obtain @ +4 = 0 and 2a + b+ 4 = 1. Then
a=—4and b=>5.
(b) We have

(t+2)2 —4(t+2)+5
It = / (t +2)2 dt

= t—4
/d /t+1 5/ t+2

= t—4ln]2+t|——+cnst
_.I_

On the other hand,

(@) / 1 “ dz
xTr) =
cos? (2 + tanz)?  cos?x
B / 1+ tan?z “ dz
) (2+tanx)? " cos?z

2
- /(tlié) dt = I(t).

(by setting t = tan x)

5
Therefore, J(z) = tanz — 41In|2 + tan z| — T tanz + cnst.
an x

t—1
2° Calculation of K (t) = / In <t n 1) dt. Integrate by parts with

u:lni_ and dv = d¢. It comes v =t and du = 2

dt.
+1 t2—1

Then

t—1 2tdt t—1
K(t) :uv—/vdu:tlnt+1—/t2_ . :tlnt+1—ln(t2—1)+cnst.

—1
On the other hand, L(x /ln <cot:n ) X .dgj . By setting
cotx +1 sin“ x
t = cotx, we find L(z) = —K(t).
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tan(x/2)

3° Calculation of M (x) = dz. By setting t = tan E,

14 3sinz — cosx 2
we obtain dxr = —— dt and
1+ t2
t 2dt dt
(@) / 6 1 fire ) 3ap o mBAtdens
1+t2  1+¢2
2
40 N(x):/2+.cosx _/2+COS$ . wdl__/Q-i‘COSQx ——
sinx sin? 1—c
By setting ¢ = cos x it comes dt = —sinxdx and

2 —t2 3 3. |1+t
N = 1—— t=t—=1In
(x) /1—t2 dt = /< 1—t2>d 5 ‘1_ '+Cnst

with ¢t = cos z.

Exercise 4

we have
Y <1 +21In Q)
T T
y =— (1)
1—1—11&g
T

It is a homogeneous differential equation. By setting z = g, one obtains
x

y=xz and y' = z + x2’. Therefore (1) is written as :

z+2zInz
z4axd =277
1+1Inz
Hence
, zlnz 1+Inz dx
rz = & dz = —.
1+Inz zlnz T

By integration :
/1+lnz /dw / (zln z) [ dz
zlnz N zlnz x

In|zlnz| =In|z| + cnst where 2z = Y.
T

Then
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Exercise 5

1° Vertically : A y = %
D: /32 T .
—V3xe <y <,/= i
psvs 7 -+
Then :1 e Y — A2
I:/ dx/ - flz,y)dy.
0 —/322 ‘

Horizontally : D = Dy U D> :

—V3<y<0
Dy :
V3
0<y< ¥
Dgi 3 R
3y2§m§1
Then :

2° In polar coordinates : D = D1 U Dy U D3 where

s
——<6<0
3=U=

Dy : sin 1
7 <<

V3cos20 — T cosf

Dy :

sin @

V3 cos20

r=—

/3¢ —-———-
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By polar coordinates, we have area(D) = I} + I + I3, where

1 /0 1 1 tan26
en=fLf7 99 =3/ { = }
= o

cos26 3 cos2f

Jcos 3
1 1 0 3
= §[tan9—§tan39}l=§.
3
s 1 s z
5 o0 1 /5 do 1 5 V3
I = d9/ d:—/—:—t 0| =2
* 2 /0 0 rar 2Jo cos?4 2lan]0 6
/ de/sii?é’e 1[5 cot? Hdezi[_coﬁeﬁ:@
18 z sin? 6 o4 T 187

Hence : area(D) = g\/g

Remark : The area of D can be calculated quickly using the cartesian
coordinates and by slicing vertically :

area(D) = //D dedy = /01 dac/_\\/[ic2 dy
/01 <% + \/§m2> dz

V3 ' 5v3
l\/_az\/_+—3:] 9

0
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LEBANESE UNIVERSITY Date: 22 January 2018
Faculty of Sciences (I)

Final Exam M1 109 Duration: 2 hours

ANSWER PAGE 167

Exercise 1 (10 points)
Let

In(1 + (¢** — 1) sinz)
z(y/cosx — 1)

1° Write down the finite expansion of f of order 2 near 0.

fz) =

2° Prove that f is extendable by continuity at £ = 0. Let g be its
extension.

3° Give ¢’(0) and the equation of the tangent line to the curve of g at
x = 0, then study their relative position.

Exercise 2 (6 points)

Let
flx) == <e% — \S/Chl—i—lnw—'—l) .
T T

Find the equation of the asymptote to the curve of f and study their relative
near —+00.

Exercise 3 (18 points)
1° Calculate I(t) —/L Deduce J(z) —/ do
)24+ 2t2)° ~J tan? (£) (3 + cosz)’
1
2° Calculate K (z) = /1 1 T 4.
—zV1l—-x
: 2
3° Calculate L(x) = %dw.

1
4° Justify the equality 1+ coszsinx = 3 [1+ (sinx + cos x)?] and use it

T cosx —sinx
to calculate the value of M = ! ——dx.
0 14+ cosxsinx
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Exercise 4 (12 points)
Solve the following differential equations
2

2
1° yvay = 2= Y

VR

2° tan <%> (cos x)y’ = sinysin? x.

Exercise 5 (6 points)
1 Y
Calculate the following double integral : / dy / cos(z? — 22)dz.
0 0

Exercise 6 (18 points)

Consider the double integral

1= [[ fe.)dedy

where D is the shaded domain in the figure below.
N
w7 YA

&2

X&e

—_———————

1° Using the cartesian coordinates, write down the double integral I
by two different ways, as succession of two simple integrals.

2° Using the polar coordinates, rewrite the double integral I as suc-
cession of two simple integrals.
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LU Sciences (I)

Calculus
Year 2017-2018 SOLUTION M1109

Exercise 1
1° There must be simplification by 23 since the f.e. of z(y/cosz — 1)
begins with a term in 23. To find the f.e. of f(z) to order 2 at z =0

we must give the f.e. of each usual function to order 5.

2 #4\]2
o Jcosx = |1+ (—7 + ﬁ) + xte(x)
1 2?2 2t 1 z?2 2t ?
S T oA I ANl 4
+2< 2 +24> 8< 7 tor) U@
2 4
= —% - ;—6—1-3646(95)
Then
3 x?
z(yeosz —1) = == |1+ = | +2°¢(x)
4 24
e We have
2 xt 3
(e —1)x sing = 1+m2—|—7—1 T + 25 (x)
order 4 order 3
5
= 2%+ 4 a0(a).
Then
2 z? 2
In(14 (" —1)sinz) = ln<1 + <x3 + §>> + 2% (z) = 23 + 3 + 2%¢(z).
5
33‘3 + :E— 7%2
Hence : f(z) = — 3 4 re(r) = —4 — — + 2%e(w)

I x°
)
2° ig% f(x) = —4, then f is extendable by continuity at x = 0 by the
function ¢ defined by :
g(0) = —4, and g(x) = f(x) if z#0.

3° We have ¢’(0) = 0. On the other hand, the equation of the tangent
2

(T) to the (C) curve of g is y = —4. Since f(x)—y =~ —% < 0 then
(C) is below (7).
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Exercise 2
1 1
Let’s put « = n and give the f.e. of tf (Z) to the order 2 in t = 0. We

have :

tf(l> = e — Ych(t) + In(1 +1¢)

t

t2 t2 ¢
= 1+t+—-— <1+—> +t— = +t%(t)

2 2 2
t2 t2 t2
= 1l+t+—-—1——=+t— -+t
tit 5 g tt—5+ (t)

2

t
= 2t — s t2e(t).

Returning to x, we get :

1 1

_2__
fla) =2~ o+ (@),
1
The equation of the asymptote (D) is then y = 2. Since f(z)—y Tt <0
oo 6x
then the curve of f is below (D).
Exercise 3
1° We have
L1, 2 _1X2+t2—t2_1<1 1 )
t2(24+12) 27 #2(24¢2) 27 2(24¢2) 2\ 2+t2)°
Then
1) 1/ dt 1/(1 1>dt 1 ; t-l— "
=g =-l5-"7 =————arcan— cns
2) 22+t 4J\2 2+¢2 i 42 V2
, dx
Let’s calculate now J(x) :/tan2 (@) B +cosa)’
Lttt()thd 2t ond si s t
et t = tan en do = and since cosx = —— we get :
2 1+ t2 12 08
2dt
1+ ¢2 / dt
(@) 2 (3 12 t2(4 + 2t2) ®)
e
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2° Calculation of K (z / -2 dx
x 12
15 method. We can putt:\/:. So -2 =2 andm:m,
then dz = % Hence
K(x) :/(1+t2) Xt X ﬂfitt?)?dt =2 % = 2(t—arctan t)+cnst.

27 method. Let z =sin?6 with § € }0, g {, then dz = 2sinf cosfdf and

1 sin% 9 ) 9
K(z) = /1—311129 1_Sin292sm9(:089d9:2/tan 6dé
1
3" method. We write K (z / VT X ) =. Integrate by parts with
(1-x)2
u=+/z and dv = dz . We get then du =
(1—a)2 2f v
=5 [ \/ N
x — x? (z—1
= 2 - arcsin(2z — 1) + cnst.
: 2
3° Calculation of L(z) = w dz. We have
14 sin“x

cos“r —t2 . 2 dt
/2—cos2 ST osa 2—t2 / S22

1. [V2+t
V2

+ cnst.
—t

4° 1+ (sinz + cosx)? = 1 + sin® z + cos? x + 2 cos wsinz = 2(1 + sinz cos z).
Then

_ [7 2(cosx —sinz)dwx B /‘/5 2dt
- 0 1+(COS£B+SiDI')2 t=cos z+sinz J1 14+¢2

= 2arctan t] 1/5 = 2arctan(v/2) — g
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Exercise 4

<
[N}
B

is written

1° The differential equation y/xy’ =

=2 (2)" 0

x

SIS
8

It is therefore a homogeneous differential equation. Let’s put z = g,
T
then y = 2z and v/ = z + 22’ So (1) is written :

dx

32 o gy = — 232 & —73/2dy =
x

z4ad =z—z

2
By integration, we find — = In |x| + cnst where z = g

\/2 x

2

2° The differential equation tan (%) cos zy = sinysin® z is of separable

variables which is written :

tan (2 in?
: (%) Y = sin”z .
siny CoS T
tan (§) dy y
Bt/ 2 dy= [ —=— =t <—> t,
b siny Y 2cos?(%) anly)rens
2
sin®z sin® 1+t
In——~
8bd/cosac g v tsmac/l—t2 2n1— enst.
1
Finally, we have : tan (y) =—sinz + - 1 Ltsinw + cnst.
2 2 1-—sinx
Exercise 5
To calculate the integral double By changing the order of integration
1 y we define again D :
I 2/ dy/ cos(z? — 2z)dx A
0 0 y=1
one must change the order of inte-
gration. The D integration domain is D: 0<z<1
defined by : r<y<l1
y==x
J 0<y<1 >
D'{Oéxéy

1 1 1
Then: I = / d:v/ cos(z® —2x)dy = / cos(z? —2x)(1 —z) dz. By putting
0 T 0

t = 22 — 22 we obtain :

= 1/_1 (#)dt = ~sin(1)
= 20 COS —2SII1 .
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Exercise 6

1° Vertically : D = D1 U Dy U Ds :
-1 <z<0 0<zx<1
Dy : Dy :
V4 -2 <y< —\/-3z r—2<y<1l-—+1-—a2
1<z<2 AY
Dgz{
x—2<y<2-—=x 2

1

.
>
xr

D,
y=—v 3¢
| y=x — 2
|

0 —V/=3z 1 1-vV1-22 2 91
I:/d/ ,d+/d/ ,d+/d/ )
_1x_@f(xy)y 4] flz,y)dy 1ﬂc%_zf(acy)y

Horizontally : D = Dy U Dy U D3 with

9<y<—3 —V3<y<0
Dlt D22 y2
—Vd—y? < <24y —=<x<2+y
3 AY

0<y<l1
D3:

V2y—y? <z <2—y
I =1+ I+ I3 with :

24y
he [ e
4—y?
2+y
I = / dy | , fla,y)dz
3

I3 = / dy/m
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2° By polar coordinates : D = D1 U Dy U D3 with
3

D12 3 9 Dg: 9
cos <r<2?2 0<r<{——mm—
cosf — sinf

sin? 0

0<6<

D3: 9
2¢inf<r< —
Sy ST cos 6 + sinf

e~

Yy

N\ x
cos 0 N Do
rT=— )
sin“ 0
4 “;/é*“
(—1,—/3) I &// £
I =1+ I+ I3 with :
3 2
L :/ o/ . f(rcosf,rsin@)rdr,
4'_7r 7sinc20T9
2m YTy
I :/3 dﬂ/ f(rcos@,rsin@)rdr;
== 0
2

i 2

1 cos O+sin 0 .

I3 = / de f(rcosf,rsin)rdr.
0 2sin @
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LEBANESE UNIVERSITY Date: 24 January 2019
Faculty 0f Sciences (I)

Final Exam M1109 Time: 2 hours

SOLUTION PAGE 175

Exercise 1 [12 points]
Let

f(x) = sin(2z) + em_% 4+ \/1 +In(1+4+z+ x2).

1. Give the FE3(0) of f(x).

2. Give the equation of the tangent (T') to the curve (C) of the function
f at the point of abscissa * = 0 and indicate the position of (T")
relative to (C) in the neighborhood of & = 0.

Exercise 2 [8 points]
Let

flx) == {ln (2 — ch%) — Ve x ertVitata?|

Give the equation of the asymptote (D) to the representative curve (C') of
f in the neighborhood of —oco and indicate the position of (D) relative to
(C) in the neighborhood of —oo.

Exercise 3 [15 points]
1. (a) Calculate the following integral :

I B dz
(z)_/\/z2—|—2z+5.

(b) Solve the following differential equation :

zy =y + \/y2 + 5x2 + 2zxy, withx > 0.

2. Solve the following differential equation :

e
1+e =

x,/

e’y y=1.

173



Exercise 4 [15 points]
dt
1. (a) Calculate I(t) = /79(2 s
dx
b) Caleulate J(2) = | .
(b) Caleulate J(@) tan? x(2 cos x + sinx) cos
2. Calculate M = /a:(ln x)?dx.
t+1)dt
3. (a) Calculate K(t) = L
1+ 2t —t2
t z 1
(b) Calculate L(z) = an (3) +
(tanx + 1) cos
Exercise 5 [20 points]

1. Let D be the shaded area shown

below.

Write I = / /
D

cession of two simple integrals in two
different ways, using the cartesian
coordinates.

f(z,y)dxdy as a suc-

2. Let D be the shaded area shown

below.

Write I = / /
JJp

cession of two simple integrals, using

polar coordinates.

f(z,y)dxdy as a suc-

A
2
e +y’ =4
1 A(1,1)
22 L y? =2y D 9
&
X
\
—1)° X
B(v/3,-1) °
&
N\
\
2
o\
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Calculus

LU Sciences (I) SOLUTION M1109

Year 2018-2019

Exercise 1
1. In the neighborhood of = 0 and to the order 3 :

2x)3 4
e sin(2x) = 2x — ( 3') + x3e(x) = 22 — gar:?' + z3e(x).
52 522 1 522\ 1
e B =142 ——+—-—|x— — Zx3 + 23e(x
+ 8 + 2( 3 ) +6 + (x)
1 11
=14z — —x2 — —23 4+ 23(x).
T 8 24 + ( )

1 1
e nl+z+z%)=x+x2— E(m + x2)? + gmz + x3e(x)
1 2
= x4+ sz — §w3 + z3e(x).

1 1., 2 1 1.0\ 1
o /I+ln(l+z+2?) = 1+5<m+5m2—§w3>—§<a}+5m2> +1—6:v3+:c3€(:c)
1 1 19
7: 1+355m+§m2—&m3+m36(m)
So: f(x) =2+ 2T~ Em:* + z3e(x).

7 35
2. The equation of (T) is : y = 2 + 2% Since, f(x) — vy = —Ex:‘, then :
e If z > 0 then f(x) — y < 0 and (C) is below (T).
e If z < 0 then f(x) —y > 0 and (C) is above (T).

Exercise 2
Let © = 1/t. Then * — —oo < t — 0_. Let’s give the f.e. of

1 —/ 2
tf (Z) =In (2 — cht) — Ve X N

to the order 2 near ¢t = 0_. We have :

t2 t2
e In(2 —cht) =In <1 — 5) =-3 + t2e(t).

1 1 1
o V1i+t+it2= 1—|—§(t—|—t2)—g(t+t2)2—|—ﬁt3—|—t3e(t)
1. 3 3
= 14 —t+ —t2 — —t3 + t3¢(t).
t3 +8 16 +tte(t)

_/ 3 33
1 1t+t+t2 _ e_%_gt-‘r%t? + t2€(t) — e—% (1 _ gt + _tZ) + tzs(t)

® e
128
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Hence : 1 3 97
tf(=) = =14+ -t — —% + t3<(1).
7 < > + 8 128 +t7e()

Let’s go back to « :

f@) = —at st e(a)
PETET S 1282 &
3
The equation of (D) is then y = —m—l—g and since f(z) —y ~ EpT™ >
i =
then (C) is above (D) in the neighborhood of —oo.
Exercise 3
dz
_ — / 2
1. (a) I_/ p ey =In(z4+1+ /44 (2+1)2) + cnst.
(b) We write :

2
=24 12 45 (%)
xr xr £

It is a homogeneous differential equation. Let z = =, theny = xz
T

and y' = z + xz’. So (%) becomes :

z4xz2 =2+ V22 +22+5.

Then
dz dx

Vz2 42245 - T
By integration :
In(z4+1+4/44 (z+1)2) =In|x|+ cnst with z = Y.
x

e:l:

2. Resolution of the differential equation : e*y’ — ———
14+e 7

y=1.

We have
1 1
(1)

/ _ —
Y 1—|—e—$y er

It is a linear differential equation of order 1. We are looking for y in
the form y = uv. Then y’ = v'v + v’u. Thus (1) is written as :

1 1
v+ |vV— ——v|lu=— (2)
1+e = er
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First step : Calculation of v. We choose v which cancels the
bracket :

1 dv etdx
7’1) p—
1+e® v 1+ e*

= Inv =1n(1+ €%)

= v=1+¢€e".
Second step : Calculation of u. From (2) we get :

1 1
u'v:—<:>u':7<:>u:/7da:
e e®(1 + e*) e®(1 + e*)

Let’s calculate u. We can write :

_/eﬂ”’(l—l—em) - /16:(164— er)
- et _/1—|—69c

1+e®
= —e * +1In(1+ e *) + cnst.
Finally : y = uv = (1 4+ €*)(—e™® — x + In(1 + e*) + cnst).

Exercise 4
1. (a) We have

1 2 24+t—t
I = §/t2(2+t) /t2(2+t)

- z/ﬁ 2/u2+ﬂ

dt 1 p2+t—t
2/ 2 4] t(2+1)

_1gdt dt_Jr 1/ dt
_'2 2 4 4) 2+t
1
Hence : I(t) = —— — — ln|t| —|— ln |2 + t| + cnst.

2t

d:I: dz
(b) J(z) = / 5 . = / 5 5
tan® z(2 cosx + sinz) cos tan® z(2 + tanz) cos? x

and then

Then, by setting ¢t = tanx, we obtain dt =
J(x) = I(t).

COos“ @
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2. Calculation of M = /.’B(ln x)? dz. Integrate by parts with

2
u = (Inz)? du = ;(ln x)dx
=

dv = xdx x
v = —
2

then
22
M:uv—/vdu: ?(lnm)2—/mlnmda}
2
— %(1”)2—1(,
where
2 2
K:/mlnmda} = m—lnm—m——l—cnst.
.PP 2 4
t+1)dt
3. (a) Calculation of K (t) = L We have :
1+ 2t —t2
1 r—-2t+2-—-4
K(t) = —— +—dt
2) 1+ 2t—t2
_ 1 —2t42 dt+2/ d(t — 1)
2) 1+ 2t —t2 (vV2)2 — (t —1)2
1 1 t—14++v2
= ——In|14+2t—t3|+ —1In|—————| + cnst.
2 | | V2 o jt—1—-+v2
tan (£ 1
(b) Calculation of L(x) = n(3) +
anx cos
(tanz + 1)
By setting t = tan t d 2 dt. Th
ing t = tan —, we get de = —— dt. n
y setting 5 Ve s e e
t+1 2
L@) = [ g dt = 2K(t).
(Zr+lige 1+8
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Exercise 5

1.

Vertically :
24z 1 242 2+x

I= / d:z:/ wydy+/dw/ f(wydy+/da:/ (z,y)dy.
—2z—x2 VT

Horizontally :

I=/Oldy/_y;_@f(a:,y)dm—l—/jdy/yff(m,y)da:.

In Polar coordinates

2 I =1 + I, where

e

2

% cos 0+sin 6 .

I,=| dé f(rcos@,rsinf)rdr
0 2sinf

dO/3 , f(rcos@,rsinf)rdr

us
6 cos2 0
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LEBANESE UNIVERSITY Date: 05 September 2019
Faculty of Sciences (I)

Final Exam M1 109 Time: 2 hours

SOLUTION PAGE 182

Exercise 1 [12 points]
Let a € R and b € R,. Consider the function f defined by :

$/6 + /3 F cos(dz) — e=** — ch(Vha) + &

f@) = -
1
Determine a and b so that lim f(x) = ——.
z—0 24
Exercise 2 [8 points]
1—cos(\/§z) l R 1
Lot f(z) = o =282 (u)
x

1. Give the finite expansion of f(z) at the order 2 in the neighborhood of 0.

2. Show that f is extendable by continuity at * = 0. Let g be its
extension.

3. Give the equation of the tangent (D) at the curve (C) of g at the
point of abscissa @ = 0 and indicate the relative position of (D) and
(C) in the neighborhood of 0.

Exercise 3 [15 points]
dx

(3 + cos?z)tanz

1. Calculate I(x) =/

d
2. (a) Calculate J(x) = /lnz(w)—f.
T

(b) Deduce K(t) = /tze_t dt.
3. (a) Factorize s2 + 3s + 2.

(b) Deduce L(s

)_/ ds dM(t)—/ tdt
) Ja+2s)(1+s) o a2+

(¢) Calculate N () fany g
C alculate r) = ——— aX.
V3 + cosx
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Exercise 4 [15 points]
Solve the following differential equations :
RVRNE S
Y a:y V1 + T
o o yZe% —+ wZ\/e% +1
Ly = .
yres
Exercise 5 [20 points]

1. Let D be the shaded area shown
below.
Using cartesian coordinates, write

down I = // f(x,y)dxdy as succes-
D

sion of two simple integrals by two
different ways.

2.  Let D be the shaded area shown
below.
Using polar coordinates, write down

I= // f(x,y)dzdy as succession of
D
two simple integrals.

A

2
22yt =4

A(V3,1)

Y

B(v/3,-1)
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LU Sciences (I)

Calculus
Year 2018-2019 SOLUTION M1109

Exercise 1

In the neighborhood of = 0 and at to order 4 :
32
e cos(4x) =1 — 8x2 + ?334 + zie(x).

32
® /3 + cos(4x) = \/4 — 8z2 + ?$4 + ze(x)

8
= 24/1—222 + §m4 + zie(x)
1 8 1
=2 (1 + > (—23:2 + gac‘l) - g(—2m2)2) + zie(x)

5
= 2—2z% + gm‘l + zie(x).

5
° %/6 + /3 + cos(4z) = 13l8 —2x2 4+ 51:4 + zte(z)
1 5
281 — 22 x4 4
i/ 4x +2493 + z%e(x)
1/ 1 5 1/ 1 .\2
=211 Y Y _4>__<__2> 4
( +3< 15 Tu®) el )@

1 1
= 2— 224+ —g* + zte(x).
sL Tt ()

2
a
o e =1 _ qzx? 4+ ?m‘l + zie(x).

b b2
° ch(\/gm) =14+ sz + ﬁm‘l + xte(x).
Hence : . ) )
a—5 a b 1
x) = —— — — 4+ — + e(x).
H@) =3 2 22 g t@
1 .
It follows that il_l’)% flx) = 24 if and only if
a—E:O a,:E b b
2 2 a = — a = —
5 b2 1 1 =2 b2 1 = 2 & 2
Al . b2 =1 b= +1.
2 24 8 24 6 6

Then : b=1and a = > since b is positive.
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Exercise 2

1. In the neighborhood of x = 0 :

1
o cos(v2x) =1—x% + am‘l + zte(x).
1—cos(v2z) 1
PP 22 — el—gz? + aczs(ac) =e X <1 — 6:1:2) + aczs(ac).

o In(e + x) = ln(e<1—|—§>> =1ne+1n(1+§)

1+a: 1:1:2+1a:+3()
= —— - —— + x%e(x).
e 2 e2 3ed

x e 2e2 3 e3
Then ) )
T
z)=1— — ) x2 2e(x
f(@) = +<32 6) 4 2?e(a)
if 0;
2. lim-f(m)=1»thenfise.b.cata:=0wjthg(m)={f(w) if x©#
x—0 1 P
3 1— .= and since g(x) (1 1)2<Oth (©)
.y=1— —andsinceg(z) -y~ ———-|x . then
Y 2e g Y 0 \ 3e2 6

is below (D) in the neighborhood of x = 0.

Exercise 3

1

(34 cos2z)tanz

1. Calculation of the integral I(z) =

First method : We write

I(z) =

cosxdx B / cosxdx
(3+cos?2x)sinz J (4 —sin®x)sinz’
Set t = sinx then dt = cos  dx and

—t2+t2

I(m):/ﬁdt - 4/ (4—t2)t

= Z[Zdt+-= dt
4/t +4 4—t2

Ly |t] Ly |4 — t?| + cnst
= —1n — —1in — cns
4 8 ’

where t = sin x.
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Second method : We write

I(z) = / (

By setting ¢ = tan x, we obtain

y _ / d(tanx)
1) tan = cos2 (3(1 +tan?z) + 1) tana

cos2

4+ 3t2 — 3t2
I(z)= | ———dt = - ——r—
(4 + 3t2)t 4 (4 + 3t2)t
t
- / _a
4 4) 4432

= Z In |t| — 3 ln(4 + 3t2) + cnst,

where t = tan x.

Third method : We write

dzx.

I(x) =

sin x cos x / sinx cosx
(3 4 cos2x)sin’x (4

— sin? z) sin? x
Set t = sin? x, then dt = 2sin x cos dx and

It = 5/(4—t)tdt

- / Ly L
s/t T8t
= gln|t| - gln|4—t| + cnst,
where t = sin? ¢.
d
2. (a) Calculation of J(x) = /lnz(m)—f : Integrating by parts
x
. N T dx
with w = In"# and dv = —, then du = 2In(z)— and
x x

1
v = ——. We obtain then
T

J(x) = uv — /'Udu = —i In?(x) + 2/ ln(m)%.

Also, by integrating by parts, we find
dx 1 dz 1 1
/ln(m)— = ——In(x) + /— = ——In(x) — — + cnst.
x2 T x2 T T
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(b) Calculation of the integral K (t) = /t2e_t dt : Sett =Inx,

T 1
then dt = — and e™? = —, hence
x T

K(t) :/lnz(w) X i X % = J(x).

3.(a) 82 +3s+2=(s+1)(s+2).
: We have :

(b) Calculation of L(s) = /\/(4 + 20.158)(1 + s)

L(s) =

i/ ds
v2/) V(s +2)(s+1)

1/ ds
V2) \/s2+3s+2

1 ds

E/ 3\2 1
\/<S+§> T

= iln(s—|—§—|—\/m)—|—cms‘c.
V2 2

tdt
Calculation of M (t) = : Set s = t2,

V(4 +2t%) (1 + t2)
then ds = 2tdt and

M(t) 1/ ds 1L()
= — = — S).
2) J(4+2s)(1+s) 2
(¢) Calculation of N(z) A5 e Set t = tan >
alculation o r) = | ——=—d=zx : Se = tan —,
¢ V3 + cosx 2
then do = dt. We obtain then
1+ ¢2
t 2dt
N(m):/ X
1—t2 1+
1412

_ 2tdt _ 9 tdt _ 2M(t)
- / o (4422 /M(4+2t2)(1+t2) - '
(1+8) 1+ ¢2
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Exercise 4

1. Solving the differential equation :

, 1 1
- - 1
vy Vitz @)

It is a LDE. We then look for y in the form y = uwv.
Then y’ = v/v + v'u. So (1) is written as :

u”u—|—[’u’—|—1'v]u—; (2)
x o vV1i+x
First step : Calculation of v. We choose v which cancels the
brackets :
1 dov dx
v+ v=0& —=——=lhnv=—lhnx=v=—
T v T T

Second step : Calculation of u. From (2) we have :

1 x
- = [ —= 4
\/l—l—m@u /\/1—|—:I: v

u'v =

Calculation of u = /% dx
First method : Set t = /1 + « then # = t> — 1 and dz = 2tdt.
Hence

t3

u:2/(t2—l)dt:2(§—t>-I—k_2<1( 1+ )2 — 1-|—m)+k,

where k € R.
(x+1)—1
Second method : / ———d=x
\/— Vi+zx
1
_/< Ve )d:c (1—|—a:)2—2\/ x + k.
dx

i .1 i i = = —.

Third method : Integrating by parts with u = = and dv AT Then

du = dx and v = 24/1 + x and

/\/_dm_2w\/1+w—2/\/1+wdm—2mx/1+:c—7(1+:c) + k.

Finally : y = uv = 2— < (1—|—:1:)2—\/1—|—m—|—k>
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y2e% + w2\/e% +1

Yy
yre=

2. Solving y’ =

We write

1)

It is a homogeneous differential equation. Set z = g, then y = x=z
T

and ¥y’ = z + x2z’. So (1) is written as :

z%2e* + /e + 1 , V14 e?
=&z _

z4xz' =

ze* ze*

We obtain then,
ze*dz dx

Vite z
By integration :
ze*dz
Vite
. ze*dz
Calculatlon Of /\/ﬁ
e“dz

dv = ——. We find :
'S fixe O

= In |x| + cnst.

: Integrating by parts with u = z and

ze*dz

ﬁ :2Z‘V1+€Z—2K,
ez

where

v1+t
K = /\/1 + e*dz = / t+ dt
s2
prd 2/ dS
s=+v/1FF s2 -1

a 2/(1_1—132> ds

1 1+ s
= 2<s——ln‘ T
2 1—s

> —+ cnst,

where s = /1 + eZ.
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Exercise 5
1.

> y=a?
—1-3 1 4 2

Vertically : D = Dy, U D, U D3 U D4 and
e [0 d P d
I =/ :1:/ x —|—/ m/ x
3 » f(z,y)dy s %+\/ﬁf( »y)dy
1 1_ /i g2 2 24x
2 2 4
+/ daf f@ydy+ [ do[ £ y)dy.
— X 5 X

1 2
2

Horizontally : D = A; U Az U As and

1 -Vy—y? 1 VY 4 VY
I=/0 dy/_ﬂ f(w,y)dw+/0 dy/\/?ﬁf(ﬂc,y)dﬂﬁr/1 dy y_zf(%y)dm-

In polar coordinates :

I = Il —|—I2 —+—I3 where

0 2
I, =/ dO/ sun g (T COS 0,7 sinO)rdr
- 2

.
6

cos< 6

z 2
I, = /6 do f(rcos@,rsinf)rdr
0

2sin6

s

= 1
I3 = /4 de [™° f(rcos@,rsinf)rdr

3 2sin@
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LEBANESE UNIVERSITY Date: 21 February 2020
Faculty Of Sciences (I)

Final Exam M1109 Time: 2 hours

SOLUTION PAGE 191

Exercise 1 [10 points]
Let
14-si
_ @i (FE)
flo) = o,
1. Give the finite expansion of f(x) to order 2 in the neighborhood of
xz=0.
2. Show that f is extendable by continuity to * = 0. Let g be its
extension.

3. Give ¢’(0).
4. Determine the equation of the tangent (D) to the curve (C) of the

function g at the point of abscissa * = 0 and precise the relative
position of (D) with respect to (C) in the neighborhood of = 0.

Exercise 2 [12 points]
Let

f(z) =a® [ln (1132 (eﬁ — cos (l))) +

€T

v1—8 4x2
T + 4x 4ol

xTr

Determine the equation of the asymptote (D) to the curve (C) of f at —oo
and precise the relative position of (D) with respect to (C) at —oo.

Exercise 3 [15 points]
1. (a) Calculate I(x) / ¢ 4z and J(z) / ! 4
. (a) Calculate I(x) = | ———dx an z) = | ————=dx.
2e* +1 v1+ 2e”
1
(b) Solve the differential equation : e %y’ — ———y = e~ ®.
1+ 2e*

2. Solve the following differential equation :
2 2 2
T (tan E) y’ = ((cos g) —+ 1) +v (tan g) .
T T T
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Exercise 4 [10 points]
dt

1+4+t—t2
cosx — 2sinx

x
(2 cos x + sin x)?

1. Calculate I(t) = /

2. Calculate J(x) =

xT.

Exercise 5 [23 points]
1° Let D be the shaded domain in the figure below.

Write down I = / / f(z,y)dxzdy as a succession of two simple inte-
D

grals in two different ways, by using cartesian.

20

Write down I = / / f(z,y)dzdy as a succession of two simple inte-
A

grals, by using polar coordinates.
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LU Sciences (I) Calculus
SOLUTION M1100

Year 2019-2020

Exercise 1

xln (Lfsinz
1. To find the fe. of f(x) = I(Q;Sll”)
e J—
rhood of x = 0, we give the f.e. of each usual function to order 4 since

we have a simplification by 22. In the neighborhood of x = 0,

to 'order 2 in the neighbo-

2 2 x4 4
e =1+x —I—E—I—x e(x).
23
e In(l+sinz) = In 1+w—€ + 23e(x)

3 1 3\ 2 1
= m—%——(m—%) +§$3+m35(m)

e In(l—shz) =1In (1—1—(—36—%)) + 23e(x)

2. Since ilg% f(z) =2, then f is e.b.c at x = 0 by the function g defined
o o) { o) it o0
2 if z=0.
3. ¢'(0)=0.
4. The equation of the tangent (D) at the curve (C') of the function g
at the point of abscissa x = 0 is y = 2. Since, f(z) —y = —§ZE2 <0,
then (C') is below (D) in the neighborhood of z = 0.
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Exercise 2

1
Letmz;thenx—)—oo(:)téo_ and

1.2

1 1 3 —

tf<;):;[ln“t7;m_ﬁ_8t+mz |
1

Let’s us giving the f.e. of tf (Z) to order 2 in the neighborhood of t = 0_.

We have :

1, 1
o 2 =1+ 5t* + gt! 1),

1 1
t=1— =2+ —t* +t%(t).
® COS 5 + 21 e(t)
Then
ezt — cost 1 1
— 2 3 2, 43

In the ohter hand, we have :

VA =8t + 12 = 2 [1+ <—2t+it2>}%
=21+ ! (—2t + 1152) 1 (—2t + 1#)2 - i(—21:)3 + t3e(t)
2 4 8 4 16
=2-2t— th - %&3 + t3e(t).
Hence

1\ .5, 345 o
tf(;) —2+6t+4t + t7e(t).

Returning to =, we obtain :

9 3 1

The equation of (D) is then y = 2z + %, and since f(z) —y ~ 43 < 0 then
" 4z
(C) is below (D) in the neighborhood of —oco.
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Exercise 3

T

1. (a) Calculation of I(x) = /ﬁ dz. We have
e

1 d(2e” +1) 1
¢t In(2e* + 1) + cnst.

I _
(@) =3 2ex+1 2 T2+ 1 2

dx
Calculation of J(x) = /7 Let t = €” then x = Int
V14 2e”

and dz = %, and then

1
J(x) :/7tmdt

1
Let u = /14 2t, then ¢t = §(u2 —1) and dt = udu. So

2du u+1 1+ 2e”
J(a:):/UQ_l:—ln — ’—f—cnst—— oo 1 + cnst.
1
(b) Solving the differential equation : e~*y’ — y=e " It’s
1+ 2e”
a LDE that be written as
/ 6:E
— =1. 1
Y71 + 2e* Y (1)

We look y of the form y = wv. Then 3’ = v'v+v'u and (1) becomes

! ! 6:E
- =1. 2
uv—{—u{v 1+2exv] (2)
6"E
Calculation of v : We choose v such that : v/ — v=>0
14 2e”

It’s a SVDE that be written as :

dv e

= _ d
) 1+ 2e” *

1
By integration, we find Inv = 3 In(142€%). Hence v = /1 4 2¢*.
Calculation of u : From (2) we get
1
vov=1=u =

By integration we find u = J(z).
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2 2 2
2. Solving = (tan g) y =z ((cos g) + 1) +vy <tan E) .
x z T

We have

2
tan Q)
T

It’s a HDE. Let 2z = g, then 3/ = 22’ + 2 and (1) becomes :
T

, cos?z+ 1+ ztan? 2 , 1+4cos?z tan? z dz
rz +2= 5 =2 = 5 = g dz = —.
tan® z tan® z 1+ cos”z T

By integration, we find
dx
° /— = In |z| + cnst.
x

tan? z / tan2 z / tan® z dz
° ——dz = =
J 1+cos?z +1 Cos2 2 + tan? z cos2 z

cos2

2
e [ — 17_
t:wnz‘/2-+t2dt /1( 24—#) a

t
= t— \/iarctan —— + cnst.

Exercise 4 V2
d(t-3) 1 [t—i 48

1 I(t):/ 5 = —=1In 27 + cnst.
AT

cosx — 2sinx
2. Calculation of J(z) = [z - dx. Integrate by
(2cosx + sinx)?

parts with
u=ux du = dz
do — cosx — 2sinx = _ 1
~ (2cosz + sinx)? YT T2cosx + sina
we get then
d
J(w):uv—/vdu:— R —
2cosx +sinx 2cosx +sinx
d 2dt
Let’s calculate K = /—w Let t = tan z then dz =
, 2cosx +sinw 2 1+ t2
1-—t¢ 2t
with cosx = and sinx = ——. Hence :
14¢2 1412
2(12
_ 1+t _
K= 721 B = 1(t).
+12 142
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Exercise 5

1° Vertically (fixing x) :

Then

-1 Vo2 1 V622 V6 V-2
[:/d/ ,d+/d/ d+/d/ d+/d/ )
e fle,y)dy 71%@ (z.y)dy wm flay)dy ) flzy)dy

Horizontally (fixing y) :

3
6/1" "o/» 3
m// l\/é &// w 9
Z
2 'Sf/ X/N)
D. V2
D - /XX
D, z

m:—\/ﬂ Jﬁb‘
m4/\ D,

1 V6—y2 -2y
I:/Ody/1+ — xyder/ dy/ ;vyd:v+/ dy/\/ﬁ
2 6—y -y
+/ﬁdy[ﬁ f(x,y)der/z dylﬁf(
©

By polar coordinates :

Y

I = I + I where

z V6
I = / dé f(rcosf,rsin@)rdr
0 2cos

z V6
I :/ dH/ f(rcosf,rsin@)rdr
z V2

4
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